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RICCI CURVATURE AND Lp-CONVERGENCE
SHOUHEI HONDA
Abstract. We give the definition of Lp-convergence of tensor fields with respect to the
Gromov-Hausdorff topology and several fundamental properties of the convergence. We
apply this to establish a Bochner-type inequality which keeps the term of Hessian on the
Gromov-Hausdorff limit space of a sequence of Riemannian manifolds with a lower Ricci
curvature bound and to give a geometric explicit formula for the Dirichlet Laplacian
on a limit space defined by Cheeger-Colding. We also prove a continuity of the first
eigenvalues of the p-Laplacian with respect to the Gromov-Hausdorff topology.
1. Introduction
Let n ∈ N, K ∈ R and let (M∞, m∞, υ) be the Gromov-Hausdorff limit metric
measure space of a sequence of renormalized pointed complete n-dimensional Riemann-
ian manifolds {(Mi, mi, vol)}i∈N with RicMi ≥ K(n − 1) and M∞ 6= {m∞}, where
vol := vol/volB1(mi).
In [10] Cheeger-Colding showed that the cotangent bundle π01 : T
∗M∞ → M∞ of M∞
exists in some sense. It is a fundamental property of the cotangent bundle that every
Lipschitz function f on a Borel subset A of M∞ has the canonical section df(x) ∈ T
∗
xM∞
(called the differential of f) for a.e. x ∈ A. We also define the tangent bundle π10 :
TM∞ → M∞ of M∞ by the dual vector bundle of T
∗M∞ and denote the dual section of
df by ∇f : A→ TM∞. For r, s ∈ Z≥0, let π
r
s : T
r
sM∞ :=
⊗r
i=1 TM∞ ⊗
⊗r+s
i=r+1 T
∗M∞ →
M∞. For A ⊂ M∞, we put T
r
sA := (π
r
s)
−1(A). We will denote by 〈·, ·〉 the canonical
metric on T rsM∞ (defined by the Riemannian metric gM∞ of M∞) for brevity and by
Lp(T rsA) the space of L
p-sections of T rsA over A. Note gM∞ ∈ L
∞(T 02M∞).
Let r, s ∈ Z≥0, R > 0, 1 < p < ∞ and Ti ∈ L
p(T rsBR(mi)) for every i ≤ ∞ with
supi≤∞ ||Ti||Lp < ∞, where BR(mi) := {xi ∈ Mi; xi, mi < R} and xi, mi is the distance
between xi and mi.
The main purpose of this paper is to give the following two definitions and applications:
(W) Ti L
p-converges weakly to T∞.
(S) Ti L
p-converges strongly to T∞.
Note that in [40] Kuwae-Shioya gave the definitions above for the case of r = s = 0 (i.e.,
each Ti is a function) and showed several important properties. A difficulty to give the
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definitions above for tensor fields is that we can NOT consider the difference ‘Ti − T∞’
canonically because it would be hard to compare between T rsMi and T
r
sM∞. We first give
equivalent versions of the definitions:
Definition 1.1 (Definitions 3.42, 3.58 and Proposition 3.66).
(W) We say that Ti L
p-converges weakly to T∞ on BR(m∞) if for every x∞ ∈ BR(m∞),
every {zi}1≤i≤r+s ⊂M∞ and every r > 0 with Br(x∞) ⊂ BR(m∞) we have
lim
j→∞
∫
Br(xj)
〈
Tj ,
r⊗
i=1
∇rzi,j ⊗
r+s⊗
i=r+1
drzi,j
〉
dvol =
∫
Br(x∞)
〈
T∞,
r⊗
i=1
∇rzi ⊗
r+s⊗
i=r+1
drzi
〉
dυ,
where xj → x∞, zi,j → zi as j →∞ and rz is the distance function from z.
(S) We say that Ti L
p-converges strongly to T∞ on BR(m∞) if Ti L
p-converges weakly
to T∞ on BR(m∞) and lim supi→∞ ||Ti||Lp(BR(mi)) ≤ ||T∞||Lp(BR(m∞)).
Compare with the definition of the convergence of the differentials of Lipschitz functions
with respect to the Gromov-Hausdorff topology [30, Definition 4.4]. It is important that
if (Mi, mi, vol) ≡ (M∞, m∞, υ) holds for every i, then Ti L
p-converges strongly to T∞ on
BR(m∞) in the sense of (S) if and only if ||Ti − T∞||Lp(BR(m∞)) → 0 as i→∞.
As an important example we first observe about Lp-convergence of Riemannian metrics
gMi of Mi with respect to the Gromov-Hausdorff topology:
Theorem 1.2. We see that gMi L
pˆ-converges weakly to gM∞ on BRˆ(m∞) for every
Rˆ > 0 and every 1 < pˆ < ∞. Moreover, gMi L
pˆ-converges strongly to gM∞ on BRˆ(m∞)
for some (or every) Rˆ > 0 and some (or every) 1 < pˆ < ∞ if and only if (M∞, m∞) is
the noncollapsed limit space of {(Mi, mi)}i (i.e., the Hausdorff dimension of M∞ is equal
to n).
Roughly speaking, this theorem says that a Gromov-Hausdorff convergence always
yields Lp-weak convergence of the Riemannian metrics.
Let us denote by H1,p(U) the H1,p-Sobolev space on an open subset U of M∞. Note
that every f ∈ H1,p(U) also has the canonical section df(x) ∈ T
∗
xM∞ for a.e. x ∈ U with
||f ||H1,p = ||f ||Lp + ||df ||Lp.
In [10] Cheeger-Colding defined the Dirichlet Laplacian on L2(M∞) as the self adjoint
operator by the closable bilinear form∫
M∞
〈df, dg〉dυ
if M∞ is compact. They also showed continuities of eigenvalues and of eigenfunctions
with respect to the Gromov-Hausdorff topology which solve a conjecture given by Fukaya
in [20]. Kuwae-Shioya proved the existence of the Dirichlet Laplacian on L2(BR(m∞))
and similar continuities for noncompact case in [38].
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In this paper we use the following notation: For every open subset U of M∞, let
D2(∆υ, U) be the space of f ∈ H1,2(U) satisfying that there exists h ∈ L
2(U) such that
∫
U
〈df, dg〉dυ =
∫
U
hgdυ
holds for every Lipschitz function g on U with compact support. Since h is unique, we
denote h by ∆υf .
On the other hand in [31] we knew that M∞ has a second order differential structure
in some weak sense. More precisely, by taking a subsequence in advance without loss of
generality we can assume that there is such a second order differential structure associated
with {(Mi, mi, vol)}i in some sense. See subsection 2.5.7 for the precise definition. We
will always consider such structure.
It was also proved in [31] that the Riemannian metric gM∞ is differentiable at a.e.
x ∈ M∞ with respect to the structure, in particular we knew that there exists the Levi-
Civita connection. It is important that these facts allow us to define a weakly twice
differentiable function and the Hessian of a weakly twice differentiable function naturally.
We will apply several fundamental properties of (W) and of (S) to the study of the
second order differential structure on M∞. In this section we introduce the following four
applications only. The first application is about L2-weak convergence of Hessians:
Theorem 1.3. Let fi ∈ L
2(BR(mi)) for every i ≤ ∞. Assume that fi ∈ C
2(BR(mi))
holds for every i < ∞, supi<∞(||fi||H1,2(BR(mi)) + ||∆fi||L2(BR(mi))) < ∞ and that fi L
2-
converges weakly to f∞ on BR(m∞). Then there exists p1 := p1(n,K,R) > 1 depending
only on n,R such that the following hold:
(1) fi L
2-converges strongly to f∞ on BR(m∞).
(2) f∞ ∈ D
2(∆υ, BR(m∞)) ∩H1,2p1(Br(m∞)) for every r < R.
(3) fi,∇fi L
2p1-converge strongly to f∞,∇f∞ on Br(m∞) for every r < R, respec-
tively.
(4) |∇f∞|
2 ∈ H1,p1(Br(m∞)) for every r < R.
(5) ∇|∇fi|
2 Lp1-converges weakly to ∇|∇f∞|
2 on Br(m∞) for every r < R.
(6) ∆fi L
2-converges weakly to ∆υf∞ on BR(m∞).
(7) f∞ is a weakly twice differentiable function on BR(m∞).
(8) The Hessian Hessf∞ of f∞ is in L
2(T 02Br(m∞)) for every r < R.
(9) Hessfi L
2-converges weakly to Hessf∞ on Br(m∞) for every r < R.
The second application is the following Bochner-type inequality onM∞ which keeps the
term of Hessian:
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Theorem 1.4. Let {fi}i≤∞ be as in Theorem 1.3. Moreover assume that ∆fi L
2-
converges strongly to ∆υf∞ on Br(m∞) for every r < R. Then
−
1
2
∫
BR(m∞)
〈dφ∞, d|df∞|
2〉dυ ≥
∫
BR(m∞)
φ∞|Hessf∞|
2dυ
+
∫
BR(m∞)
(
−φ∞(∆
υf∞)
2 +∆υf∞〈dφ∞, df∞〉
)
dυ
+K(n− 1)
∫
BR(m∞)
φ∞|df∞|
2dυ
holds for every nonnegatively valued Lipschitz function φ∞ on BR(m∞) with compact
support.
Note that the Bochner-type inequality holds on a dense subspace in L2(BR(m∞)) and
that this is stronger than Γ2-condition. See Remarks 4.21 and 4.28. It is worth pointing
out that recently Zhang-Zhu proved a similar result on an Alexandrov space in [61].
On the other hand in [31] the author defined the (geometric) Laplacian ∆gM∞f for a
weakly twice differentiable function f by taking the trace of −Hessf :
∆gM∞f :=
−1√
det(gab)
k∑
i,j=1
∂
∂xi
(
gij
√
det(gab)
∂f
∂xj
)
on each k-dimensional rectifiable coordinate patch (U, φ), where φ(p) = (x1(p), x2(p), . . . , xk(p)) ∈
Rk, gij = gM∞(∂/∂xi, ∂/∂xj) and (g
ij)ij = (gij)
−1
ij .
We now consider the following question:
Question: When does ∆υf = ∆gM∞f hold?
For example if M∞ is a k-dimensional smooth Riemannian manifold and υ is the k-
dimensional Hausdorff measure, then ∆gM∞f = ∆υf holds for every f ∈ C2(BR(m∞))
with ∆f ∈ L2(BR(m∞)). This is a direct consequence of the divergence formula on a
manifold. Note that in general ∆υf 6= ∆gM∞f . See Remark 4.31 for an example.
The third application is to give a sufficient condition for f in order to satisfy ∆υf =
∆gM∞f :
Theorem 1.5. Let {fi}i≤∞ be as in Theorem 1.3. Then we have the following:
(1) If (M∞, m∞) is the noncollapsed limit space of {(Mi, mi)}i, then ∆
gM∞f∞ = ∆
υf∞
on BR(m∞).
(2) If Hessfi L
2-converges strongly to Hessf∞ on Br(m∞) for every r < R, then
∆gM∞f∞ = ∆
υf∞ on BR(m∞) and ∆fi L
2-converges strongly to ∆υf∞ on Br(m∞)
for every r < R.
In particular we see that an answer of the question above for noncollapsing case is
POSITIVE on a dense subspace in L2(BR(m∞)). Note that in [37] Kuwae-Machigashira-
Shioya showed a similar result about an explicit formula for the Dirichlet Laplacian on
an Alexandrov space.
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For d > 0, letM(n, d,K) be the space of n-dimensional compact Riemannian manifolds
(M,Vol) with diamM ≤ d and RicM ≥ K(n−1), where Vol := vol/volM . We denote by
M(n, d,K) the measured Gromov-Hausdorff compactification ofM(n, d,K). For (X, ν) ∈
M(n, d,K), we define the first eigenvalue of the p-Laplacian by
λ1,p(X) := inf
{
||df ||pLp(X)
||f ||pLp(X)
; f ∈ H1,p(X), f 6≡ 0,
∫
X
|f |p−2fdν = 0
}
> 0
if X is not a single point, λ1,p(X) := ∞ if X is a single point. It is well-known that
λ1,p(M) coincides the smallest positive eigenvalue of the following nonlinear eigenvalue
problem on (M,Vol) ∈M(n, d,K):
∆pφ = λ|φ|
p−2φ,
where ∆pφ := −div(|∇φ|
p−2∇φ). The fourth application is the following:
Theorem 1.6. The function λ1,p :M(n, d,K)→ (0,∞] is continuous.
This theorem is a generalization of the result about continuity of the eigenvalues of the
Laplacian with respect to the Gromov-Hausdorff topology proved by Cheeger-Colding in
[10] to the case of the first eigenvalues of the p-Laplacian.
The organization of this paper is as follows:
In Section 2 we will fix several notation and recall fundamental properties of metric
measure spaces and of limit spaces of Riemannian manifolds.
In Section 3 we will discuss Lp-convergence with respect to the Gromov-Hausdorff
topology. More precisely in subsection 3.1 we will give the definitions of (W) and of (S)
for the case of functions by a somewhat different way from Kuwae-Shioya given in [40]
and their fundamental properties. We will also show that this formulation is equivalent to
that by Kuwae-Shioya. In particular we will extend a compactness result about L2-weak
convergence given by Kuwae-Shioya to Lp-case. See Proposition 3.19, Corollary 3.34 and
Proposition 3.39. In subsection 3.2 we will give the original definitions of (W) and of (S)
for tensor fields. Roughly speaking their fundamental properties include the following:
(1) Every Lp-bounded sequence has an Lp-weak convergent subsequence.
(2) Lp-norms are lower semicontinuous with respect to the Lp-weak convergence.
(3) Lp-strong (or Lp-weak) convergence is stable for every contraction under a suitable
assumption.
It is worth pointing out that a key notion to give the definitions of (W) and of (S) is the
angle ∠xyz ∈ [0, π] given in [31]. See subsection 2.5.5 for the precise definition.
In Section 4 we will apply several results given in Section 3 to prove theorems introduced
in this section. Moreover we will show a compactness result about Sobolev functions with
respect to the Gromov-Hausdorff topology which is a generalization of a Kuwae-Shioya’s
result about L2-energy functionals given in [38, 40] to Lp-case. See Theorem 4.9 and
6 SHOUHEI HONDA
Remark 4.11. As an application of it, we will prove Theorem 1.6. We will also discuss a
Bochner-type formula and the scalar curvature of a limit space. See Theorem 4.32 and
Corollary 4.36.
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2. Preliminaries
2.1. Fundamental notation. For a, b ∈ R and ǫ > 0, throughout this paper, we use
the following notation:
a = b± ǫ⇐⇒ |a− b| < ǫ.
Let us denote by Ψ(ǫ1, ǫ2, . . . , ǫk; c1, c2, . . . , cl) some positive valued function onR
k
>0×R
l
satisfying
lim
ǫ1,ǫ2,...,ǫk→0
Ψ(ǫ1, ǫ2, . . . , ǫk; c1, c2, . . . , cl) = 0
for fixed real numbers c1, c2, . . . , cl. We often denote by C(c1, c2, . . . , cl) some positive
constant depending only on fixed real numbers c1, c2, . . . , cl.
Let X be a metric space and x ∈ X . For r > 0 and A ⊂ X , put Br(x) := {w ∈
X ; x, w < r}, Br(x) := {w ∈ X ; x, w ≤ r} and Br(A) := {w ∈ X ;w,A < r}. We say that
X is proper if every bounded closed subset of X is compact. We also say that X is a
geodesic space if for every p, q ∈ X there exists an isometric embedding γ : [0, p, q] → X
such that γ(0) = p and γ(p, q) = q (we call γ a minimal geodesic from p to q).
Let υ be a Borel measure on X , Y a metric space and f a Borel map from X to Y . We
say that f is weakly Lipschitz (or differentiable at a.e. x ∈ X) if there exists a countable
collection {Ai}i of Borel subsets Ai of X such that υ(X \
⋃
iAi) = 0 and that each f |Ai
is a Lipschitz map.
Let V be an n-dimensional real Hilbert space with the inner product 〈·, ·〉, v ∈ V and
1 < p < ∞. We often use the following notation: v(p−1) := |v|p−2v if v 6= 0, v(p−1) := 0
if v = 0. For k ≤ n, ǫ > 0 and {ei}1≤i≤k ⊂ V , we say that {ei}1≤i≤k is an ǫ-orthogonal
collection on V if 〈ei, ej〉 = δij ± ǫ holds for every i, j. Moreover, if k = n, then we say
that {ei}1≤i≤n is an ǫ-orthogonal basis on V . It is easy to check the following:
Proposition 2.1. Let ǫ > 0, L > 0, r ≥ 1, T ∈
⊗r
i=1 V
∗ with |T | ≤ L, and let
{ei}1≤i≤k be an ǫ-orthogonal collection on V . Then we have the following:
(1) If k = n, then |T |2 =
∑
i1,...,ir
(T (ei1, . . . , eir))
2 ±Ψ(ǫ;n, r, L).
(2) If r = 2 and |T |2 =
∑
i,j(T (ei, ej))
2 ± ǫ, then Tr T =
∑k
i=1 T (ei, ei) ± Ψ(ǫ;n, L),
where Tr T is the trace of T .
Let r, s ∈ Z≥0 and T
r
s (V ) :=
⊗r
i=1 V ⊗
⊗r+s
i=r+1 V
∗. We also denote by 〈·, ·〉 the canonical
inner product on T rs (V ) for brevity. For 1 ≤ l ≤ r and r+1 ≤ k ≤ r+s, let C
l
k : T
r
s (V )→
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T r−1s−1 (V ) be the contraction defined by C
l
k(
⊗r
i=1 vi ⊗
⊗r+s
i=r+1 v
∗
i ) := v
∗
k(vl)
⊗l−1
i=1 vi ⊗⊗r
i=l+1 vi ⊗
⊗k−1
i=r+1 v
∗
i ⊗
⊗r+s
i=k+1 v
∗
i . For 1 ≤ l < k ≤ r, let C
l
k : T
r
s (V )→ T
r−2
s (V ) be the
linear map defined by C lk(
⊗r
i=1 vi⊗
⊗r+s
i=r+1 v
∗
i ) := 〈vl, vk〉
⊗l−1
i=1 vi⊗
⊗k−1
i=l+1 vi⊗
⊗r
i=k+1 vi⊗⊗r+s
i=r+1 v
∗
i . Similarly we define C
l
k : T
r
s (V )→ T
r
s−2(V ) for r + 1 ≤ l < k ≤ r + s. For l ≤
r, k ≤ s, let C l,rk,s : T
r
s (V )× T
l
k(V )→ T
r−l
s−k(V ) be the linear map defined by C
l,r
k,s(
⊗r
i=1 vi⊗⊗r+s
i=r+1 v
∗
i ,
⊗l
i=1wi⊗
⊗l+k
i=l+1w
∗
i ) :=
∏l
i=1〈vi, wi〉
∏r+k
i=r+1〈v
∗
i , w
∗
i−r+l〉
⊗r
i=l+1 vi⊗
⊗r+s
i=r+k+1 v
∗
i .
To simplify notation, we write T (S) instead of C l,rk,s(T, S). Note |T (S)| ≤ |T ||S|. For
rˆ, sˆ ∈ Z≥0, define the bilinear map f : T
r
s (V ) × T
rˆ
sˆ (V ) → T
r+rˆ
s+sˆ (V ) by f(
⊗r
i=1 vi ⊗⊗r+s
i=r+1 v
∗
i ,
⊗rˆ
i=1wi ⊗
⊗rˆ+sˆ
i=rˆ+1w
∗
i ) :=
⊗r
i=1 vi ⊗
⊗rˆ
i=1wi ⊗
⊗r+s
i=r+1 v
∗
i ⊗
⊗rˆ+sˆ
i=rˆ+1w
∗
i . For
simplicity of notation, we write v ⊗ w instead of f(v, w).
2.2. Differentiability of Lipschitz functions on a Borel subset of Euclidean
space. Let A be a Borel subset of Rk, f a Lipschitz function on A and y ∈ LebA :=
{a ∈ A; limr→0H
k(A ∩ Br(a))/H
k(Br(a)) = 1}, where H
k is the k-dimensional spherical
Hausdorff measure. Then we say that f is differentiable at y if there exists a Lipschitz
function fˆ on Rk such that fˆ |A ≡ f and that fˆ is differentiable at y. Note that if f
is differentiable at y, then a vector (∂fˆ/∂x1(y), . . . , ∂fˆ/∂xn(y)) does not depend on the
choice of such fˆ . Thus we denote the vector by J(f)(y) = (∂f/∂x1(y), . . . , ∂f/∂xn(y)).
Let F = (f1, . . . , fm) be a Lipschitz map from A to R
m. We say that F is differentiable
at y if every fi is differentiable at y. Note that by Rademacher’s theorem [52], F is dif-
ferentiable at a.e. x ∈ A. Let us denote by J(F )(x) = (∂fi/∂xj(x))ij the Jacobi matrix
of F at x if F is differentiable at x ∈ LebA. We also say that a Borel map G from A to
Rm is weakly twice differentiable on A if G is weakly Lipschitz on A and if J(G) is weakly
Lipschitz on A.
Let X =
∑
a∈ΛXa
⊗r
i=1∇xa(i) ⊗
⊗r+s
i=r+1 dxa(i) be a tensor field of type (r, s) on A,
where Λ := Map({1, . . . , r + s} → {1, . . . , k}). We say that X is a Borel tensor field
on A if every Xa is a Borel function. We also say that X is weakly Lipschitz on A (or
differentiable at a.e. x ∈ A) if every Xa is weakly Lipschitz on A.
For two Borel tensor fields {Xi}i=1,2 of type (r, s) on A, we say that X1 is equivalent to
X2 on A ifX1(x) = X2(x) holds for a.e. x ∈ A. Let us denote by [X ] the equivalent class of
X , by ΓBor(T
r
sA) the set of equivalent classes, and by Γ1(T
r
sA) the set of equivalent classes
represented by a weakly Lipschitz tensor field of type (r, s). We often write X = [X ] for
brevity. See subsection 3.1 in [31] for the details of this subsection.
2.3. Rectifiable metric measure spaces. Let X be a proper geodesic space and υ
a Borel measure on X . In this paper we say that (X, υ) is a metric measure space if
υ(Br(x)) > 0 holds for every x ∈ X and every r > 0. We now recall the notion of
rectifiability for metric measure spaces given by Cheeger-Colding in [10]:
Definition 2.2 (Cheeger-Colding, [10]). Let (X, υ) be a metric measure space. We
say that X is υ-rectifiable if there exist m ∈ N, collections {C li}1≤l≤m,i∈N of Borel subsets
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C li of X , and of bi-Lipschitz embedding maps {φ
l
i : C
l
i → R
l}l,i such that the following
three conditions hold:
(1) υ(X \
⋃
l,iC
l
i) = 0.
(2) For every i and every l, υ is Ahlfors l-regular at every x ∈ C li , i.e., there exist
C ≥ 1 and r > 0 such that C−1 ≤ υ(Bt(x))/t
l ≤ C holds for every 0 < t < r.
(3) For every l, every x ∈
⋃
i∈N C
l
i and every 0 < δ < 1, there exists i such that x ∈ C
l
i
and that the map φli is (1± δ)-bi-Lipschitz to the image φ
l
i(C
l
i).
See [10, Definition 5.3] and the condition iii) of page 60 in [10]. In this paper we say
that a family A := {(C li, φ
l
i)}l,i as in Definition 2.2 is a rectifiable coordinate system (or
structure) of (X, υ) and that each (C li , φ
l
i) is an l-dimensional rectifiable coordinate patch.
It is important that the cotangent bundle on a rectifiable metric measure space exists in
some sense. We first give several fundamental properties of the cotangent bundle:
Theorem 2.3 (Cheeger, Cheeger-Colding, [5, 10]). Let (X, υ) be a rectifiable metric
measure space. Then there exist a topological space T ∗X and a Borel map π01 : T
∗X → X
with the following properties:
(1) υ(X \ π01(T
∗X)) = 0.
(2) For every w ∈ π01(T
∗X), (π01)
−1(w)(= T ∗wX) is a finite dimensional real Hilbert
space with the inner product 〈·, ·〉w. Let |v|(w) :=
√
〈v, v〉w.
(3) For every Lipschitz function f on X, there exist a Borel subset V of X, and a
Borel map df from V to T ∗X such that υ(X \ V ) = 0, π01 ◦ df ≡ idV and that
|df |(w) = Lipf(w) = Lipf(w) holds for every w ∈ V , where
(a) Lipf(x) = limr→0(supy∈Br(x)\{x}(|f(x)− f(y)|/x, y)) and
(b) Lipf(x) = lim infr→0(supy∈∂Br(x)(|f(x)− f(y)|/x, y)).
Assume that (X, υ) is a rectifiable metric measure space. We now give a short review
of the construction of the cotangent bundle T ∗X as in Theorem 2.3: Let {(C li , φ
l
i)}l,i be
a rectifiable coordinate system of (X, υ). By Rademacher’s theorem and Definition 2.2,
without loss of generality we can assume that the following hold:
(1) Every φli ◦ (φ
l
j)
−1 : φlj(C
l
i ∩ C
l
j) → φ
l
i(C
l
i ∩ C
l
j) is differentiable at every w ∈
φlj(C
l
i ∩ C
l
j).
(2) For every i, l, x ∈ C li and every (a1, . . . , al), (b1, . . . , bl) ∈ R
l, we have the following:
(a) Lip
(∑
j ajφ
l
i,j
)
(x) = Lip
(∑
j ajφ
l
i,j
)
(x).
(b) Lip
(∑
j ajφ
l
i,j
)
(x) = 0 holds if and only if (a1, . . . , al) = 0 holds.
(c) Lip
(∑
j(aj + bj)φ
l
i,j
)
(x)2+Lip
(∑
j(aj − bj)φ
l
i,j
)
(x)2 = 2Lip
(∑
j ajφ
l
i,j
)
(x)2+
2Lip
(∑
j bjφ
l
i,j
)
(x)2.
(3) For every Lipschitz function f on X , we see that Lipf(x) = Lipf(x) holds for a.e.
x ∈ X .
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Let ∼ be the equivalent relation on
⊔
i,l(φ
l
i(C
l
i)×R
l) defined by (x, u) ∼ (y, v) if x = φli ◦
(φlj)
−1(y) and u = J(φli◦(φ
l
j)
−1)(y)tv for some i, j, l. Put T ∗X :=
(⊔
i,l(φ
l
i(C
l
i)×R
l)
)
/ ∼
and define the map π01 : T
∗X → X by π(x, u) := (φli)
−1(x) if x ∈ φli(C
l
i). The condi-
tion (b) above yields that for every x ∈ π01(T
∗X) with x ∈ C li , we see that |a|x =
Lip
(∑
j ajφ
l
i,j
)
(x) is a norm on Rl. The condition (c) above yields that the norm comes
from an inner product 〈·, ·〉x on R
l. Then it is easy to check that (T ∗X, π01 , 〈·, ·〉x) satisfies
the desired conditions as in Theorem 2.3. See Section 6 in [10] and page 458− 459 of [5]
for the details.
Note that similarly, we can define the (L∞-)vector bundle: πrs :
⊗r
i=1 TX⊗
⊗s
j=1 T
∗X →
X for every r, s ∈ Z≥0. Let A be a Borel subset ofX and T
r
sA (or
⊗r
i=1 TA⊗
⊗s
j=1 T
∗A) :=
(πrs)
−1(A). For two Borel tensor fields T1, T2 of type (r, s) on A, we say that T1 is equiv-
alent to T2 on A if T1(x) = T2(x) holds for a.e. x ∈ A. Let ΓBor(T
r
sA) be the space of
equivalent classes of Borel sections of T rsA over A. Note that for every T ∈ ΓBor(T
r
sA),
each restriction T |Cli∩A of T to Ci ∩A can be regarded as in ΓBor(T
r
s φ
l
i(C
l
i ∩A)) and that
every weakly Lipschitz function f on A has the canonical section df ∈ ΓBor(T
∗A).
We also denote the canonical metric on each fiber of T rsX by 〈·, ·〉 for short. In particular
we call the canonical metric on TX the Riemannian metric of (X, υ) and denote it by
gX . For every 1 ≤ p ≤ ∞, let L
p(T rsA) := {T ∈ ΓBor(T
r
sA); |T | ∈ L
p(A)}. Note that
Lp(T rsA) with the L
p-norm is a Banach space and that gX ∈ L
∞(T 02X). For every weakly
Lipschitz function f on A and every V ∈ ΓBor(TA), let ∇
gXf := (df)∗ ∈ ΓBor(TA) and
V (f) := 〈V,∇f〉, where ∗ is the canonical isometry T ∗xX
∼= TxX by the Riemannian
metric gX . See subsection 3.3 in [31] for the detail.
Let U be an open subset ofX . Let us denote by D1loc(div
υ, U) the set of T ∈ L1loc(TU) :=
{S ∈ ΓBor(TU); |S| ∈ L
1
loc(U)} satisfying that there exists a unique h ∈ L
1
loc(U) such that
−
∫
U
fhdυ =
∫
U
〈∇f, T 〉dυ
holds for every Lipschitz function f on U with compact support. Write divυT = h. For
1 ≤ p ≤ ∞, let Dp(divυ, U) be the set of T ∈ D1loc(div
υ, U) satisfying that T ∈ Lp(TU)
and divυT ∈ Lp(U) hold. Note that for D2(∆υ, U) defined as in Section 1, we see that
f ∈ D2(∆υ, U) holds if and only if f ∈ H1,2(U) and ∇f ∈ D
2(divυ, U) hold.
2.4. Weakly second order differential structure on rectifiable metric measure
spaces. In this subsection we recall the definition of a weakly second order differential
structure on a rectifiable metric measure space and their fundamental properties given in
[31].
Let (X, υ) be a metric measure space and A := {(C li , φ
l
i)}i,l a rectifiable coordinate
system of (X, υ). We say that A is a weakly second order differential structure (or system)
on (X, υ) if each map φli ◦ (φ
l
j)
−1 is weakly twice differentiable on φlj(C
l
i ∩ C
l
j).
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Assume that A is a weakly second order differential structure on (X, υ). Let A be
a Borel subset of X . We say that T ∈ ΓBor(T
r
sA) is weakly Lipschitz if each X|Cli∩A
(which can be regarded as in ΓBor(T
r
s φ
l
i(C
l
i ∩ A))) is a weakly Lipschitz tensor field of
type (r, s) on φli(Ci ∩ A). Let us denote by Γ1(T
r
sA;A) the set of equivalent classes of
Borel tensor fields of type (r, s) on A represented by a weakly Lipschitz tensor field. We
often write Γ1(T
r
sA) := Γ1(T
r
sA;A) for brevity. Recall that it was proved in [31] that for
U, V ∈ Γ1(TA), the Lie bracket [U, V ] ∈ ΓBor(TA) is well-defined in the ordinary way.
Let f be a Borel function on A. We say that f is weakly twice differentiable on A (with
respect to A) if f is weakly Lipschitz on A and if df ∈ Γ1(T
∗A). The following theorem
is a main result of [31]:
Theorem 2.4. [31, Theorem 3.25] Assume gX ∈ Γ1(T
0
2X). Then there exists the Levi-
Civita connection ∇gX on X uniquely in the following sense:
(1) ∇gX is a map from ΓBor(TX)× Γ1(TX) to ΓBor(TX). Let ∇
gX
U V := ∇
gX (U, V ).
(2) ∇gXU (V +W ) = ∇
g
UV +∇
gX
U W holds for every U ∈ ΓBor(TX) and every V,W ∈
Γ1(TX).
(3) ∇gXfU+hVW = f∇
gX
U W + h∇
gX
V W holds for every U, V ∈ ΓBor(TX), every W ∈
Γ1(TX) and every Borel functions f, h on X.
(4) ∇gXU (fV ) = U(f)V + f∇
gX
U V holds for every U ∈ ΓBor(TX), every V ∈ Γ1(TX)
and every weakly Lipschitz function f on X.
(5) ∇gXU V −∇
gX
V U = [U, V ] holds for every U, V ∈ Γ1(TX).
(6) Ug(V,W ) = gX(∇
gX
U V,W )+g(V,∇
gX
U W ) holds for every U ∈ ΓBor(TX) and every
V,W ∈ Γ1(TX).
Remark 2.5. ∇gX is local, i.e., for every Borel subset A ofX , the Levi-Civita connection
induces the map ∇gX |A : ΓBor(TA) × Γ1(TA) → ΓBor(TA) by letting ∇
gX |A(U, V ) :=
∇gX1AU(1AV ). Thus we use the same notation: ∇
gX = ∇gX |A in this paper for brevity. See
Section 3 in [31] for the detail.
The Levi-Civita connection above allows us to give the definitions of the Hessian of a
weakly twice differentiable function, and of the divergence of a weakly Lipschitz vector
field in the ordinary way of Riemannian geometry. We only give several fundamental
properties of them:
Proposition 2.6. [31, Theorem 3.26] Assume gX ∈ Γ1(T
0
2X). Let A be a Borel subset
of X, f a weakly twice differentiable function on A, ω ∈ Γ1(T
∗A) and Y ∈ Γ1(TA). Then
there exist uniquely
(1) ∇gXω ∈ ΓBor(T
0
2A) such that ∇
gXω(U, V ) = gX(∇V ω
∗, U) holds for every U, V ∈
ΓBor(TA),
(2) the Hessian HessgXf := ∇
gXdf ∈ ΓBor(T
0
2A),
(3) a Borel function divgX Y := tr(∇gXY ∗) on A,
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(4) a Borel function ∆gXf := −divgX (∇gXf) = −tr(HessgXf ) on A.
Moreover we have the following:
(a) HessgXf (x) is symmetric for a.e. x ∈ A.
(b) divgX (hY ) = hdivgXY + gX(∇
gXh, Y ) holds for every weakly Lipschitz function h
on A.
(c) ∆gX(fh) = h∆gXf − 2gX(∇
gXf,∇gXh) + f∆gXh holds for every weakly twice dif-
ferentiable function h on A.
Remark 2.7. We can define the covariant derivative of tensor fields ∇gX : Γ1(T
r
sA)→
ΓBor(T
r
s+1A) in the ordinary way of Riemannian geometry. Then it is easy to check the
torsion free condition: ∇gXgX ≡ 0.
Definition 2.8. Let Aˆ be a weakly second order differential structure on (X, υ). We
say that A and Aˆ are compatible if so is A∪ Aˆ.
It is trivial that if A and Aˆ are compatible, then the notions introduced here are
compatible, i.e., for instance we see that a function f on a Borel subset A of X is weakly
twice differentiable on A with respect to A if and only if so is f with respect to Aˆ,
Γ1(T
r
sA;A) = Γ1(T
r
sA; Aˆ) and so on.
Remark 2.9. It is known that similar results given here hold on Alexandrov spaces.
See for instance [4, 37, 48, 49, 50, 51].
2.5. Limit spaces of Riemannian manifolds. In this subsection we recall several
fundamental properties about limit spaces of Riemannian manifolds with lower Ricci
curvature bounds.
2.5.1. Gromov-Hausdorff convergence. Let {(Xi, xi)}1≤i≤∞ be a sequence of pointed proper
geodesic spaces. We say that (Xi, xi) Gromov-Hausdorff converges to (X∞, x∞) if there
exist sequences of positive numbers ǫi → 0, Ri →∞ and of maps ψi : BRi(xi)→ BRi(x∞)
(called ǫi-almost isometries) with |x, y − ψi(x), ψi(y)| < ǫi for every x, y ∈ BRi(xi),
BRi(x∞) ⊂ Bǫi(Image(ψi)), and ψi(xi) → x∞ (then we denote it by xi → x∞ for short).
See [26]. We denote it by (Xi, xi)
(ψi,ǫi,Ri)
→ (X∞, x∞) or (Xi, xi)→ (X∞, x∞) for short.
Assume (Xi, xi)
(ψi,ǫi,Ri)
→ (X∞, x∞). For a sequence {Ai}i of compact subsets Ai of
BRi(xi) for every i ≤ ∞, we say that Ai Gromov-Hausdorff converges to A∞ with respect
to the convergence (Xi, xi) → (X∞, x∞) if ψi(Ai) Hausdorff converges to A∞. Then we
often denote A∞ by limi→∞Ai. Moreover, for a sequence {υi}1≤i≤∞ of Borel measures υi
on Xi, we say that υ∞ is the limit measure of {υi}i if υi(Br(yi))→ υ∞(Br(y∞)) holds for
every r > 0 and every yi → y∞. See [8, 20]. Then we denote it by (Xi, xi, υi)
(ψi,ǫi,Ri)
→
(X∞, x∞, υ∞) or (Xi, xi, υi)→ (X∞, x∞, υ∞) for brevity.
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2.5.2. Ricci limit spaces. Let n ∈ N, K ∈ R and let (M∞, m∞) be a pointed proper
geodesic space. We say that (M∞, m∞) is an (n,K)-Ricci limit space (of {(Mi, mi)}i) if
there exist sequences of real numbers Ki → K and of pointed complete n-dimensional Rie-
mannian manifolds {(Mi, mi)}i with RicMi ≥ Ki(n−1) such that (Mi, mi)→ (M∞, m∞).
We call an (n,−1)-Ricci limit space a Ricci limit space for brevity. Moreover we say
that a Radon measure υ on M∞ is the limit measure of {(Mi, mi)}i if υ is the limit
measure of {vol/volB1(mi)}i. Then we say that (M∞, m∞, υ) is the Ricci limit space
of {(Mi, mi, vol/volB1(mi))}i. Throughout this paper we use the notation: vol :=
vol/volB1(mi) for brevity.
2.5.3. Poincare´ inequality and Sobolev spaces. Let (M∞, m∞, υ) be the Ricci limit space
of {(Mi, mi, vol)}i with M∞ 6= {m∞} (we will use the same notation in the subsections
later). Then it is known that the following hold:
(1) (M∞, m∞) satisfies a weak Poincare´ inequality of type (1, p) for every 1 ≤ p <∞.
(2) For every 1 < p <∞ and every open subset U ⊂ M∞, (1, p)-Sobolev space H1,p(U)
is well-defined.
(3) For every 1 < p < ∞ and every f ∈ H1,p(U), f is weakly Lipschitz on U and
||f ||H1,p = ||f ||Lp + ||df ||Lp.
(4) The space of locally Lipschitz functions on BR(x∞)(⊂ M∞) in H1,p(BR(x∞)) is
dense in H1,p(BR(x∞)) for every 1 < p <∞.
See [5, Corollary 2.25, (4.3), Theorems 4.14 and 4.47] and [10, (1.6) and Theorem 2.15]
for the details.
2.5.4. Regular set. A pointed proper metric space (X, x) is said to be a tangent cone of
M∞ at z∞ ∈ M∞ if there exists ri → 0 such that (M∞, z∞, r
−1
i dM∞) → (X, x). Let
Rk := {z∞ ∈ M∞; Every tangent cone at z∞ of M∞ is isometric to (R
k, 0k).} and
R =
⋃n
i=1Ri. We call Rk the k-dimensional regular set of M∞ and R the regular set of
M∞. Cheeger-Colding showed that υ(M∞ \R) = 0 [8, Theorem 2.1]. On the other hand,
recently, Colding-Naber proved that there exists a unique k such that υ(R \ Rk) = 0
[16, Theorem 1.12] . We call k the dimension of M∞ and denote it by dimM∞. Note
that an argument similar to the proof of [30, Lemma 3.5] yields that for every rectifiable
coordinate system A on (M∞, m∞) there exists a subrectifiable coordinate system Aˆ of
A such that each patch of Aˆ is k-dimensional, where we say that a rectifiable coordinate
system Aˆ on (M∞, m∞) is a subrectifiable coordinate system of A if for every (Cˆ
k
i , φˆ
k
i ) ∈ Aˆ
there exists (Ckj , φ
k
j ) ∈ A such that Cˆ
k
i ⊂ C
k
j and φ
k
j |Cˆki ≡ φˆ
k
i .
2.5.5. Angles. We introduce a key notion angles to give the definitions of (W) and of (S)
as in Section 1. Let Cx be the cut locus of x ∈M∞ defined by Cx := {y ∈ M∞; x, y+y, z >
x, z holds for every z ∈ M∞ with z 6= y.}. It is known υ(Cx) = 0 [29, Theorem 3.2]. Let
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p, x, q ∈M∞ with x 6∈ Cp ∪ Cq. Then there exists a unique ∠pxq ∈ [0, π] such that
cos∠pxq = lim
t→0
2t2 − γp(t), γq(t)
2
2t2
holds for every minimal geodesics γp from x to p and every γq from x to q. Note that for
every p, q ∈ M∞ we see that 〈drp, drq〉(x) = cos∠pxq holds for a.e. x ∈ M∞. See [31,
Theorem 1.2] for the details, and see [17, Theorems 1.2 and 1.3] for a very interesting
example.
2.5.6. Rectifiability. Cheeger-Colding proved that (M∞, υ) is rectifiable by harmonic func-
tions. More precisely, by combining with Colding-Naber’s result [16, Theorem 1.12], we
have:
Theorem 2.10. [10, Theorems 3.3, 5.5 and 5.7] There exists a rectifiable coordinate sys-
tem Ah := {(Ci, φi)}i(φi = (φi,1, . . . , φi,k) : Ci → R
k) of (M∞, υ) such that the following
holds: There exists a subsequence {i(j)}j such that for every l, there exist r > 0, se-
quences {xi(j)}j≤∞ of xi(j) ∈Mi(j) with xi(j) → x∞, and {fi(j),s}j≤∞,s≤k of C(n)-Lipschitz
harmonic functions fi(j),s on Br(xi(j)) such that Cl ⊂ Br(x∞), f∞,s|Cl ≡ φl,s fi(j),s → f∞,s
on Br(x∞) as j →∞ for every s.
See subsection 3.1.1 for the definition of the pointwise convergence of C0-functions:
fi → f∞ with respect to the Gromov-Hausdorff topology. On the other hand, the author
proved that (M∞, υ) is rectifiable by distance functions:
Theorem 2.11. [30, Theorem 3.1] There exists a rectifiable coordinate system Ad :=
{(Ci, φi)}i<∞ of (M∞, υ) such that every φi,s is the distance function from a point in M∞.
Remark 2.12. Moreover it was shown in [30] that for every dense subset A of M∞,
there exists a rectifiable coordinate system Ad = {(Ci, φi)}i<∞ such that every φi,s is the
distance function from a point in A.
Note that Theorems 2.10 and 2.11 perform crucial roles in Section 3 and 4.
Definition 2.13. Let A := {(Ci, φi)}i be a rectifiable coordinate system on (M∞, υ).
We say that A is a rectifiable coordinate system associated with {(Mi, mi, vol)}i<∞ if for
every i <∞ there exists a sequence {φi,l,j}1≤l≤k,j≤∞ of Lipschitz functions φi,l,j onMj such
that sup1≤l≤k,j≤∞Lipφi,l,j < ∞, φi,l,∞|Ci ≡ φi,l and that (φi,l,j, dφi,l,j) → (φi,l,∞, dφi,l,∞)
holds on Ci as j → ∞ for every l, where Lipφi,l,j is the Lipschitz constant of φi,l,j:
Lipφi,l,j := supx 6=y |φi,l,j(x)− φi,l,j(y)|/x, y.
See [30, Definition 4.4] (or Definition 3.43) for the definition of a pointwise convergence
dfi → df∞ of the differentials of Lipschitz functions with respect to the Gromov-Hausdorff
topology. Note that by [30, Corollary 4.5] (or Proposition 3.47) and [30, Proposition 4.8]
(or Proposition 3.44), for Ah and Ad as in Theorems 2.10 and 2.11, respectively, we have
the following:
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(1) Ah is a rectifiable coordinate system of (M∞, υ) associated with {(Mi(j), mi(j), vol)}j<∞.
(2) Ad is a rectifiable coordinate system of (M∞, υ) associated with {(Mi, mi, vol)}i<∞.
2.5.7. Weakly second order differential structure. In [31] it was proved that (M∞, υ) has
a weakly second order differential structure. More precisely, we have:
Theorem 2.14. [31, Theorem 4.13] Let A2nd := {(Ci, φi)}i<∞ be a rectifiable coordinate
system on M∞. Assume that for every i there exist r > 0, sequences {xj}j≤∞ of xj ∈Mj
and {φi,l,j}1≤l≤k,j≤∞ of Lipschitz functions φi,l,j on Br(xj) such that sup1≤l≤k,j≤∞Lipφi,l,j <
∞, xj → x∞, Ci ⊂ Br(x∞), φi,l,∞|Ci ≡ φi,l, φi,l,j ∈ C
2(Br(xj)) holds for every j < ∞
with sup1≤l≤k,j<∞ ||∆φi,l,j||L2(Br(xj)) < ∞, and that φi,l,j → φi,l,∞ on Br(x∞) as j → ∞.
Then we see that A2nd is a weakly second order differential structure on M∞, and that the
Riemannian metric gM∞ is weakly Lipschitz with respect to A2nd.
We say that A2nd as in Theorem 2.14 is a weakly second order differential structure on
(M∞, υ) associated with {(Mi, mi, vol)}i. Note that Theorem 2.10 and [30, Corollary 4.5]
yield the following:
(1) There exist a subsequence {(Mi(j), mi(j), vol)}j and a weakly second order differ-
ential structure A on (M∞, υ) such that A is associated with {(Mi(j), mi(j), vol)}j.
(2) Let A2nd be a weakly second order differential structure on (M∞, υ) associated
with {(Mi, mi, vol)}i.
(a) A2nd is a rectifiable coordinate system of (M∞, υ) associated with {(Mi, mi, vol)}i.
(b) Let {i(j)}j be a subsequence ofN and Aˆ2nd a weakly second order differential
structure on (M∞, υ) associated with {(Mi(j), mi(j), vol)}j. Then A2nd and
Aˆ2nd are compatible.
3. Lp-convergence
3.1. Functions. In this subsection we will discuss several convergences of functions with
respect to the Gromov-Hausdorff topology. Throughout this subsection we will always
consider the following setting: Let {(Xi, xi)}1≤i≤∞ be a sequence of pointed proper ge-
odesic spaces, R > 0 and υi a Radon measure on Xi for every i ≤ ∞ satisfying the
following:
(1) (Xi, xi, υi)
(ψi,ǫi,Ri)
→ (X∞, x∞, υ∞) and X∞ 6= {x∞}.
(2) For every Rˆ > 0 there exists κ = κ(Rˆ) ≥ 0 such that υi(B2r(zi)) ≤ 2
κυi(Br(zi))
holds for every i ≤ ∞, every r < Rˆ and every zi ∈ Xi.
(3) υi(B1(xi)) = 1 for every i ≤ ∞.
3.1.1. C0-functions. We first give the definition of a pointwise convergence of continuous
functions with respect to the Gromov-Hausdorff topology:
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Definition 3.1. Let fi ∈ C
0(BR(xi)) for every i ≤ ∞. We say that fi converges to
f∞ at z∞ ∈ BR(x∞) if fi(zi) → f∞(z∞) holds for every zi → z∞. Then we denote it by
fi → f∞ at z∞.
We also say that fi converges to f∞ on a subset A of BR(x∞) if fi converges to f∞ at
every z∞ ∈ A (then we denote it by fi → f∞ on A).
Definition 3.2. Let fi ∈ C
0(BR(xi)) for every i <∞. We say that {fi}i is asymptot-
ically uniformly equicontinuous on BR(x∞) if for every ǫ > 0 there exist i0 and δ > 0 such
that |fj(αj)−fj(βj)| < ǫ holds for every j ≥ i0 and every αj, βj ∈ BR(xj) with αj , βj < δ.
The following compactness result performs a crucial role in the next subsection:
Proposition 3.3. Let fi ∈ C
0(BR(xi)) for every i < ∞ with supi<∞ ||fi||L∞ < ∞.
Assume that {fi}i<∞ is asymptotically uniformly equicontinuous on BR(x∞). Then there
exist f∞ ∈ C
0(BR(x∞)) and a subsequence {fi(j)}j of {fi}i such that fi(j) → f∞ on
BR(x∞).
Proof. Let {zi}i be a countable dense subset of BR(x∞). Since supi<∞ ||fi||L∞ <∞,
there exists a subsequence {i(j)}j such that {fi(j)(zk)}j is a convergent sequence in R
for every k. Let us denote by a(xk) the limit. The assumption yields that the function
a : {zk}k → R is uniformly continuous. Therefore there exists a unique f∞ ∈ C
0(BR(x∞))
such that f∞(xk) = a(xk) holds for every k. Then it is not difficult to check that fi(j) → f∞
on BR(x∞). 
3.1.2. L1loc-functions and L
∞-functions. Let fi ∈ L
1
loc(BR(xi)) for every i ≤ ∞. We start
this subsection by giving the definition of a pointwise convergence of (W) as in Section
1 for L1loc-functions:
Definition 3.4. We say that {fi}i is weakly upper semicontinuous at z∞ ∈ BR(x∞) if
lim inf
r→0
(
1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞ − lim sup
i→∞
1
υi(Br(zi))
∫
Br(zi)
fidυi
)
≥ 0
holds for every zi → z∞. We say that {fi}i is weakly lower semicontinuous at z∞ ∈
BR(x∞) if
lim inf
r→0
(
lim inf
i→∞
1
υi(Br(zi))
∫
Br(zi)
fidυi −
1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
)
≥ 0
holds for every zi → z∞. We say that fi converges weakly to f∞ at z∞ if {fi}i is weakly
upper and lower semicontinuous at z∞.
We first give a fundamental property of the lower semicontinuity:
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Proposition 3.5. Assume that fi ≥ 0 holds for every i ≤ ∞, and that {fi}i is weakly
lower semicontinuous at a.e. z∞ ∈ BR(x∞). Then
lim inf
i→∞
∫
BR(xi)
fidυi ≥
∫
BR(x∞)
f∞dυ∞.
Proof. Without loss of generality we can assume supi<∞ ||fi||L1(BR(mi)) < ∞. There
exists K ⊂ BR(x∞) with υ∞(BR(x∞) \ K) = 0 such that for every z∞ ∈ K and every
ǫ > 0 there exists r = r(z∞, ǫ) > 0 such that
lim inf
i→∞
1
υi(Bt(zi))
∫
Bt(zi)
fidυi ≥
1
υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞ − ǫ
holds for every t < r. Fix ǫ > 0. A standard covering argument (c.f. [30, Proposiiton
2.2]) yields that there exists a countable pairwise disjoint collection {Bri(wi)}i such that
B5ri(wi) ⊂ BR(x∞), wi ∈ K, 5ri < r(wi, ǫ) and that K \
⋃N
i=1Bri(wi) ⊂
⋃∞
i=N+1B5ri(wi)
holds for every N . Let N0 with
∑∞
i=N0+1
υ∞(B5ri(wi)) < ǫ and K
ǫ = K ∩
⋃N0
i=1Bri(wi).
Then we see that∫
Kǫ
f∞dυ∞ ≤
N0∑
i=1
∫
Bri (wi)
f∞dυ∞ ≤
N0∑
i=1
(∫
Bri(wi,j)
fjυj + ǫυj(Bri(wi,j))
)
≤
∫
BR(xj)
fjdυj + ǫυj(BR(xj))
holds for every sufficiently large j, where wi,j → wi as j →∞. Since υ∞(BR(x∞)\K
ǫ) < ǫ,
by letting j →∞ and ǫ→ 0, the dominated convergence theorem yields the assertion. 
Corollary 3.6. Assume that fi converges weakly to f∞ at a.e. z∞ ∈ BR(x∞). Then
lim inf i→∞ ||fi||L1(BR(xi)) ≥ ||f∞||L1(BR(x∞)).
Proof. Lebesgue’s differentiation theorem yields that there exists K∞ ⊂ BR(x∞) such
that υ∞(BR(x∞) \K∞) = 0 and that
lim
r→0
∣∣∣∣ 1υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
∣∣∣∣ = limr→0 1υ∞(Br(z∞))
∫
Br(z∞)
|f∞|dυ∞
holds for every z∞ ∈ K∞. Thus for a.e. z∞ ∈ K∞ and every ǫ > 0 there exists r > 0 such
that for every t < r we see that
1
υ∞(Bt(z∞))
∫
Bt(z∞)
|f∞|dυ∞ ≤
∣∣∣∣ 1υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
∣∣∣∣+ ǫ
≤
∣∣∣∣ 1υi(Bt(zi))
∫
Bt(zi)
fidυi
∣∣∣∣+ 2ǫ ≤ 1υi(Bt(zi))
∫
Bt(zi)
|fi|dυi + 2ǫ
holds for every sufficiently large i, i.e., {|fi|}i is weakly lower semicontinuous at a.e.
z∞ ∈ BR(x∞). Thus the assertion follows directly from Proposition 3.5. 
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Note that in general the weak convergence of fi → f∞ does NOT imply the weak
convergence of |fi| → |f∞|. See for instance Remark 3.10. We will give more fundamental
properties about the weak convergence in the next subsection.
We now give the definition of a strong convergence of L1loc-functions:
Definition 3.7. We say that fi converges strongly to f∞ at z∞ if
lim
t→0
(
lim sup
i→∞
1
υi(Bt(zi))
∫
Bt(zi)
∣∣∣∣fi − 1υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
∣∣∣∣ dυi
)
= 0
and
lim
t→0
(
lim sup
i→∞
1
υ∞(Bt(z∞))
∫
Bt(z∞)
∣∣∣∣f∞ − 1υi(Bt(zi))
∫
Bt(zi)
fidυi
∣∣∣∣ dυ∞
)
= 0
hold for every zi → z∞.
Remark 3.8. Let gi ∈ C
0(BR(xi)) and zi ∈ BR(xi) for every i ≤ ∞ with zi →
z∞. Assume that there exists r > 0 such that {gi|Br(zi)}i<∞ is asymptotically uniformly
equicontinuous at z∞. Then it is not difficult to check that gi converges strongly g∞ at
z∞ if and only if gi converges weakly to g∞ at z∞ if and only if gi → g∞ at z∞.
Remark 3.9. It is easy to check that if fi converges strongly to f∞ at z∞, then the
following hold:
(1) fi converges weakly to f∞ at z∞.
(2) |fi| converges strongly to |f∞| at z∞.
Remark 3.10. Let gn be a smooth function on R satisfying that
gn(x) = (−1)
i
(
2n2 − 2
n− 2
x−
(n2 − 1)(2i+ 1)
n(n− 2)
)
holds for every x ∈ [i/n+ 1/n2, (i+ 1)/n− 1/n2] and every i ∈ Z, and that
|gn(x)− (−1)
i−1| ≤
100
n2
holds for every x ∈ [i/n−1/n2, i/n+1/n2] and every i ∈ Z. Note that gn((i+1)/n−1/n
2) =
(−1)i(1 − 1/n2) = −gn(i/n + 1/n
2) holds for every i ∈ Z. Then it is easy to check that
under the canonical convergence (R, 0, H1)
(idR,ǫi,Ri)
→ (R, 0, H1), for every t ∈ R and every
p > 0, we have the following:
(1) gn converges weakly to 0 at t.
(2) gn does NOT converges strongly to 0 at t.
(3) |gn|
p converges weakly to 1/(p+ 1) at t.
(4) |gn|
p does NOT converges strongly to 1/(p+ 1) at t.
We now recall a fundamental property of the strong convergence for L∞-functions given
in [30]:
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Proposition 3.11. [30, Proposition 4.1] Let k ∈ N, R > 0, w∞ ∈ BR(x∞), {Fi}1≤i≤∞ ⊂
C0(Rk) and let {f li}1≤l≤k,i≤∞ be a sequence of L
∞-functions f li on BR(xi) with supi,l ||f
l
i ||L∞(BR(xi)) <
∞. Assume that f li converges strongly to f
l
∞ at w∞ for every l, and that Fi converges to
F∞ with respect to the compact uniform topology. Then Fi(f
1
i , . . . , f
k
i ) converges strongly
to F∞(f
1
∞, . . . , f
k
∞) at w∞.
For L2loc-functions we have the following:
Proposition 3.12. Let A ⊂ BR(x∞). Assume that fi ∈ L
2
loc(BR(xi)) holds for every
i ≤ ∞, fi converges weakly to f∞ at a.e. z∞ ∈ A, and that {(fi)
2}i is weakly upper
semicontinuous at a.e. z∞ ∈ A. Then fi converges strongly to f∞ at a.e. z∞ ∈ A.
Proof. Lebesgue’s differentiation theorem yields that the following holds for a.e. z∞ ∈
A: For every ǫ > 0 there exists r > 0 such that for every t < r there exists i0 ∈ N such
that
1
υi(Bt(zi))
∫
Bt(zi)
∣∣∣∣fi − 1υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
∣∣∣∣
2
dυi
=
1
υi(Bt(zi))
∫
Bt(zi)
|fi|
2dυi − 2
(
1
υi(Bt(zi))
∫
Bt(zi)
fidυi
)(
1
υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
)
+
(
1
υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
)2
≤
1
υ∞(Bt(z∞))
∫
Bt(z∞)
|f∞|
2dυ∞ − 2
(
1
υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
)(
1
υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
)
+
(
1
υ∞(Bt(z∞))
∫
Bt(z∞)
f∞dυ∞
)2
+ ǫ < 2ǫ
holds for every i ≥ i0. Similarly, for every i ≥ i0 we have
1
υ∞(Bt(z∞))
∫
Bt(z∞)
∣∣∣∣f∞ − 1υi(Bt(zi))
∫
Bt(zi)
fidυi
∣∣∣∣
2
dυ∞ < 2ǫ.
Thus the assertion follows from the Cauchy-Schwartz inequality. 
Remark 3.13. Propositions 3.11 and 3.12 yield that if fi ∈ L
∞(BR(xi)) holds for every
i ≤ ∞ with supi≤∞ ||fi||L∞ < ∞, then the assumptions of Proposition 3.12 hold if and
only if fi converges strongly to f∞ at a.e. z∞ ∈ A.
The following proposition performs a crucial rule in Section 4. Note that it was proved
essentially in [30, 31]:
Proposition 3.14. Assume that there exist n ∈ N and K ∈ R such that every
(Xi, xi, υi) is an (n,K)-Ricci limit space. Let pi, qi ∈ Xi for every i ≤ ∞ with pi → p∞
and qi → q∞, and put hi(x) := cos∠pixqi for every x 6∈ Cpi ∪ Cqi. Then hi converges
strongly to h∞ on X∞ \ (Cp∞ ∪ Cq∞).
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Proof. Since 〈drpi, drqi〉(x) = cos∠pixqi holds for a.e. x ∈ Xi, the assertion follows
from [30, Proposition 4.3]. 
3.1.3. Lp-functions. Let 1 < p ≤ ∞, xi ∈ Xi, fi ∈ L
p(BR(xi)) for every i ≤ ∞ with
L := supi≤∞ ||fi||Lp(BR(xi)) <∞ and let q be the conjugate exponent of p (i.e., p
−1+q−1 = 1
holds).
Proposition 3.15. Let zi, zˆi ∈ BR(xi) for every i ≤ ∞ with zi → z∞, zˆi → zˆ∞ and
z∞ = zˆ∞. Then
lim
i→∞
∣∣∣∣ 1υi(Br(zi))
∫
Br(zi)
fidυi −
1
υi(Br(zˆi))
∫
Br(zˆi)
fidυi
∣∣∣∣ = 0
holds for every r > 0 with Br(z∞) ⊂ BR(x∞).
Proof. [15, Lemma 3.3] yields limi→∞ υi(Br(zi)∆Br(zˆi)) = 0, where A∆B := (A \
B) ∪ (B \ A). Thus the Ho¨lder inequality yields∣∣∣∣
∫
Br(zi)
fidυi −
∫
Br(zˆi)
fidυi
∣∣∣∣ ≤ (υi(Br(zi)∆Br(zˆi)))1/q ||fi||Lp(BR(xi)) → 0
as i→∞. 
It is easy to check the following proposition. Compare with [30, Proposition 4.5]:
Proposition 3.16. Let gi ∈ L
∞(BR(xi)) for every i ≤ ∞ with supi≤∞ ||gi||L∞ < ∞.
Assume that gi converges strongly to g∞ at z∞ ∈ BR(x∞) and that fi converges weakly to
f∞ at z∞. Then gifi converges weakly to g∞f∞ at z∞.
The next proposition is a fundamental result of the weak convergence. Compare with
Corollary 3.6:
Proposition 3.17. Assume that
lim inf
r→0
(
lim sup
i→∞
∣∣∣∣ 1υi(Br(zi))
∫
Br(zi)
fidυi −
1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
∣∣∣∣
)
= 0
holds for a.e. z∞ ∈ BR(x∞), where zi → z∞. Then
lim
i→∞
∫
BR(xi)
fidυi =
∫
BR(x∞)
f∞dυ∞.
Proof. By Proposition 3.15, there existsK∞ ⊂ BR(x∞) such that υ∞(BR(x∞)\K∞) =
0 and that for every z∞ ∈ K∞, every ǫ > 0 and every δ > 0 there exists r := r(z∞, ǫ, δ) > 0
with r < δ such that
lim sup
i→∞
∣∣∣∣ 1υi(Br(zi))
∫
Br(zi)
fidυi −
1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
∣∣∣∣ < ǫ
holds for every zi → z∞. Fix ǫ > 0. Applying a standard covering argument to B :=
{Br(z∞,ǫ,1/k)(z∞)}z∞∈K∞,k∈N yields that there exists a countable pairwise disjoint collection
20 SHOUHEI HONDA
{Bri(zi)}i ⊂ B such that K∞ \
⋃N
i=1Bri(zi) ⊂
⋃∞
i=N+1B5ri(zi) ⊂ BR(x∞) holds for every
N . Fix N0 with
∑∞
i=N0+1
υ∞(B5ri(zi)) < ǫ. Then the Ho¨lder inequality yields that
∫
BR(xj)\
⋃N0
i=1Bri(zi,j)
|fj|dυj ≤ ||fj||Lp(BR(xj))
(
υj
(
BR(xj) \
N0⋃
i=1
Bri(zi,j)
))1/q
≤ Lǫ1/q
holds for every sufficiently large j ≤ ∞, where zi,j → zi as j →∞. Thus
∫
BR(x∞)
f∞dυ∞ =
N0∑
i=1
∫
Bri(zi)
f∞dυ∞ ±Ψ(ǫ;L, p)
=
N0∑
i=1
∫
Bri(zi,j)
fjdυj ±Ψ(ǫ;L, p, υ∞(BR(x∞)))
=
∫
BR(xj)
fjdυj ±Ψ(ǫ;L, p, υ∞(BR(x∞)))
holds for every sufficiently large j. Therefore we have the assertion. 
The next corollary is a direct consequence of Proposition 3.17.
Corollary 3.18. If fi converges weakly to f∞ at a.e. z∞ ∈ BR(x∞), then fi converges
weakly to f∞ on BR(x∞).
We now give a compactness result for the weak convergence:
Proposition 3.19. Let gi ∈ L
p(BR(xi)) for every i < ∞ with supi<∞ ||gi||Lp < ∞.
Then there exist g∞ ∈ L
p(BR(x∞)) and a subsequence {gi(j)}j of {gi}i such that gi(j)
converges weakly to g∞ on BR(x∞).
Proof. We only give a proof of the case p < ∞ because the proof of the case p = ∞
is similar. Define gi(w) ≡ 0 on Mi \ BR(xi). By a decomposition g ≡ g+ − g−, where
g+ := max{g, 0} and g− := max{−g, 0}, without loss of generality we can assume that
gi ≥ 0 holds for every i < ∞. For every r > 0 and every i < ∞, we define a function g
r
i
on BR(mi) by
gri (z) :=
1
υi(Br(z))
∫
Br(z)
gidυi.
By [15, Lemma 3.3] and the Ho¨lder inequality, for every r > 0 it is easy to check that {gri }i
is asymptotically uniformly equicontinuous on BR(x∞) and that supi<∞ ||g
r
i ||L∞ < ∞.
Thus Proposition 3.3 yields that there exist {gr∞}r∈Q>0 ⊂ C
0(BR(x∞)) and a subse-
quence {i(j)}j such that g
r
i(j) → g
r
∞ on BR(x∞) for every r ∈ Q>0. Let g∞(z∞) :=
lim infr→0 g
r
∞(z∞). The Ho¨lder inequality, Fubini’s theorem, Remark 3.8, Proposition
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3.11 and 3.17 yield that∫
BR(x∞)
|gr∞|
pdυ∞ = lim
j→∞
∫
BR(xi(j))
|gri(j)|
pdυi(j)
≤ lim inf
j→∞
∫
Xi(j)
∫
Xi(j)
1Br(z)(x)
υi(j)(Br(z))
|gi(j)|
p(x)dυi(j)(x)dυi(j)(z)
= lim inf
j→∞
∫
Xi(j)
∫
Xi(j)
1Br(z)(x)
υi(j)(Br(z))
|gi(j)|
p(x)dυi(j)(z)dυi(j)(x)
= lim inf
j→∞
∫
Xi(j)
|gi(j)|
p(x)
∫
Xi(j)
1Br(z)(x)
υi(j)(Br(z))
dυi(j)(z)dυi(j)(x)
≤ lim inf
j→∞
∫
Xi(j)
|gi(j)|
p(x)
∫
Xi(j)
22κ1Br(x)(z)
υi(j)(Br(x))
dυi(j)(z)dυi(j)(x)
≤ 22κ lim inf
j→∞
∫
Xi(j)
|gi(j)|
pdυi(j),
holds for every r ∈ Q>0 with r < 1, where κ = κ(1). Therefore Fatou’s lemma yields
g∞ ∈ L
p(BR(x∞)). Since it is easy to check that a sequence {gi(j)}j≤∞ satisfies the
assumption of Proposition 3.17, the assertion follows directly from Proposition 3.17. 
Corollary 3.20. Let gi ∈ L
p(BR(xi)) for every i < ∞ and g∞ ∈ L
1
loc(BR(x∞)).
Assume that supi<∞ ||gi||Lp <∞ and that for a.e. z∞ ∈ BR(x∞), we see that
lim inf
t→∞
(
lim sup
i→∞
∣∣∣∣ 1υi(Bt(zi))
∫
Bt(zi)
gidυi −
1
υ∞(Bt(z∞))
∫
Bt(z∞)
g∞dυ∞
∣∣∣∣
)
= 0
holds for every zi → z∞. Then g∞ ∈ L
p(BR(x∞)).
Proof. Proposition 3.19 yields that there exist gˆ∞ ∈ L
p(BR(x∞)) and a subsequence
{gi(j)}j of {gi}i such that gi(j) converges weakly to gˆ∞ on BR(x∞). The assumption and
Lebesgue’s differentiation theorem yield that gˆ∞(z∞) = g∞(z∞) holds for a.e. z∞ ∈
BR(x∞). Therefore we have the assertion. 
Definition 3.21. Assume p < ∞. Let fi,j ∈ L
∞(BR(xi)) for every i ≤ ∞ and every
j < ∞. We say that {fi,j}i,j is an L
p-approximate sequence of f∞ if the following three
conditions hold:
(1) supi≤∞ ||fi,j||L∞ <∞ for every j.
(2) fi,j converges strongly to f∞,j at a.e. z∞ ∈ BR(x∞) as i→∞ for every j.
(3) ||f∞ − f∞,j||Lp → 0 as j →∞.
Proposition 3.22. Assume p <∞. Then for every g∞ ∈ L
p(BR(x∞)) there exists an
Lp-approximate sequence of g∞.
Proof. Since L∞(BR(x∞)) is dense in L
p(BR(x∞)), without loss of generality we can
assume g∞ ∈ L
∞. Lebesgue’s differentiation theorem yields that there exists K∞ ⊂
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BR(x∞) such that υ∞(BR(x∞) \K∞) = 0 and that
lim
r→0
1
υ∞(Br(z∞))
∫
Br(z∞)
∣∣∣∣g∞ − 1υ∞(Br(z∞))
∫
Br(z∞)
g∞dυ∞
∣∣∣∣
p
dυ∞ = 0
holds for every z∞ ∈ K∞. Fix j. A standard covering argument yields that there exists
a pairwise disjoint collection {Bri(zi)}i such that zi ∈ K∞, B5ri(zi) ⊂ BR(x∞),
1
υ∞(Bri(zi))
∫
Bri (zi)
∣∣∣∣∣g∞ − 1υ∞(Bri(zi))
∫
Bri(zi)
g∞dυ∞
∣∣∣∣∣
p
dυ∞ < j
−1
and thatK∞\
⋃N
i=1Bri(zi) ⊂
⋃∞
i=N+1B5ri(zi) holds for everyN . FixN0 with
∑∞
i=N0+1
υ∞(B5ri(zi)) <
j−1. Let
gi,j :=
N0∑
k=1
1Bri(zi,j)
υ∞(Bri(zi))
∫
Bri(zi)
g∞dυ∞
where zi,j → zi. Then by the Ho¨lder inequality, it is easy to check that {gi,j}i,j is an
Lp-approximate sequence of g∞. 
Remark 3.23. By the proof of Proposition 3.22 and using suitable cutoff functions,
it is easy to check that there exists an Lp-approximate sequence {gi,j}i,j of g∞ such
that gi,j ∈ C
0(BR(xi)) holds for every i, j and that {gi,j}i is asymptotically uniformly
equicontinuous on BR(x∞) for every j.
The following is a direct consequence of Proposition 3.11. It means that roughly speak-
ing, the Lp-approximate sequence is ‘unique’:
Proposition 3.24. Assume p < ∞. Let g∞ ∈ L
p(BR(x∞)) and {gi,j}i,j, {gˆi,j}i,j be
Lp-approximate sequences of g∞. Then
lim
j→∞
(
lim sup
i→∞
||gi,j − gˆi,j||Lp(BR(xi))
)
= 0.
We are now in a position to give the definition of (S) as in Section 1 for functions:
Definition 3.25. We say that fi L
p-converges strongly to f∞ on BR(x∞) if
lim
j→∞
(
lim sup
i→∞
||fi − fi,j||Lp(BR(xi))
)
= 0
holds for every (or some) Lp-approximate sequence {fi,j}i,j of f∞.
Corollary 3.26. Let gi ∈ L
p(BR(xi)) and ai, bi ∈ L
∞(BR(xi)) for every i ≤ ∞
with supi≤∞(||gi||Lp + ||ai||L∞ + ||bi||L∞) < ∞. Assume that p < ∞, fi, gi L
p-converge
strongly to f∞, g∞ on BR(x∞), respectively and that ai, bi converge strongly to a∞, b∞ at
a.e. z∞ ∈ BR(x∞), respectively. Then aifi + bigi L
p-converges strongly to a∞f∞ + b∞g∞
on BR(x∞).
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Proof. Let {fi,j}i,j, {gi,j}i,j be L
p-approximate sequences of f∞, g∞, respectively. Then
Proposition 3.11 yields that {aifi,j + bigi,j}i,j is a L
p-approximate sequence of a∞f∞ +
b∞g∞. Therefore the assertion follows from Proposition 3.24. 
Proposition 3.27. Let gi ∈ L
q(BR(xi)) for every i ≤ ∞ with supi≤∞ ||gi||Lq < ∞.
Assume that p < ∞, fi converges weakly to f∞ on BR(x∞) and that gi L
q-converges
strongly to g∞ on BR(x∞). Then
lim
i→∞
∫
BR(xi)
figidυi =
∫
BR(x∞)
f∞g∞dυ∞.
Proof. Let {gi,j}i,j be an L
q-approximate sequence of g∞. Propositions 3.16 and 3.17
yield that
lim
i→∞
∫
BR(xi)
figi,jdυi =
∫
BR(x∞)
f∞g∞,jdυ∞
holds for every j. On the other hand, the Ho¨lder inequality yields∣∣∣∣
∫
BR(xi)
figi,jdυi −
∫
BR(xi)
figidυi
∣∣∣∣ ≤ ||fi||Lp||gi − gi,j||Lq .
Therefore by letting i→∞ and j →∞, we have the assertion. 
The following is a direct consequence of Proposition 3.27 and the triangle inequality.
Compare with Remark 3.9:
Corollary 3.28. Assume that p < ∞ and that fi L
p-converges strongly to f∞ on
BR(x∞). Then we have the following:
(1) fi converges weakly to f∞ on BR(x∞).
(2) |fi| L
p-converges strongly to |f∞| on BR(x∞).
Next we give a lower semicontinuity of Lp-norms with respect to the weak convergence:
Proposition 3.29. If fi converges weakly to f∞ on BR(x∞), then lim inf i→∞ ||fi||Lp(BR(xi)) ≥
||f∞||Lp(BR(x∞)).
Proof. If p = ∞, then the assertion follows directly from Lebesgue’s differentiation
theorem. Assume p < ∞. Since (Lp)∗ = Lq, there exists g∞ ∈ L
q such that ||g∞||Lq ≤ 1
and ∫
BR(x∞)
f∞g∞dυ∞ = ||f∞||Lp.
Let {gi,j}i,j be an L
q-approximate sequence of g∞. Proposition 3.27 yields
lim
i→∞
∫
BR(xi)
figi,jdυi =
∫
BR(x∞)
f∞g∞,jdυ∞.
On the other hand, since the Ho¨lder inequality yields
lim
i→∞
∣∣∣∣
∫
BR(xi)
figi,jdυi
∣∣∣∣ ≤ lim infi→∞ (||fi||Lp||gi,j||Lq) =
(
lim inf
i→∞
||fi||Lp
)
||g∞,j||Lq ,
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by letting j →∞, we have the assertion. 
On the other hand, Propositions 3.11 and 3.17 yield:
Proposition 3.30. Assume p < ∞. If fi L
p-converges strongly to f∞ on BR(x∞),
then limi→∞ ||fi||Lp(BR(xi)) = ||f∞||Lp(BR(x∞)).
Conversely, we have the following.
Proposition 3.31. Assume p <∞. Then fi L
p-converges strongly to f∞ on BR(x∞)
if and only if the following two conditions hold:
(1) lim supi→∞ ||fi||Lp(BR(xi)) ≤ ||f∞||Lp(BR(x∞)).
(2) fi converges weakly to f∞ on BR(x∞).
Proof. It suffices to check ‘if’ part. First assume p < 2. Let {fi,j}i,j be an L
p-
approximate sequence of f∞. Then Clarkson’s inequality [12, Theorem 2] for p < 2 yields
2 (||fi,j||
p
Lp + ||fi||
p
Lp)
q−1 ≥ ||fi,j + fi||
q
Lp + ||fi,j − fi||
q
Lp.
Since fi + fi,j converges weakly to f∞ + f∞,j on BR(m∞) as i → ∞, by letting i → ∞
and j →∞, Proposition 3.29 yields
2 (||f∞||
p
Lp + ||f∞||
p
Lp)
q−1 ≥ 2q||f∞||
q
Lp + lim sup
j→∞
(
lim sup
i→∞
||fi,j − fi||
q
Lp
)
.
Thus we have limj→∞ (lim supi→∞ ||fi,j − fi||
q
Lp) = 0, i.e., fi L
p-converges strongly to f∞
on BR(x∞). Similarly the assertion of the case p ≥ 2 follows from Clarkson’s inequality
[12, Theorem 2] for p ≥ 2. 
The following result is a compatibility result for the case of L∞-functions:
Proposition 3.32. Let gi ∈ L
∞(BR(xi)) for every i ≤ ∞ with supi≤∞ ||gi||L∞ < ∞.
Then gi converges strongly to g∞ at a.e. z∞ ∈ BR(x∞) if and only if gi L
pˆ-converges
strongly to g∞ on BR(x∞) for some (or every) 1 < pˆ <∞.
Proof. It suffices to check “if” part. Assume that gi L
pˆ-converges strongly to g∞ on
BR(x∞) for some 1 < pˆ <∞. Since Proposition 3.17 and Corollary 3.28 yield that
lim
i→∞
1
υi(Br(zi))
∫
Br(zi)
∣∣∣∣gi − 1υi(Br(zi))
∫
Br(zi)
gidυi
∣∣∣∣ dυi
=
1
υ∞(Br(z∞))
∫
Br(z∞)
∣∣∣∣g∞ − 1υ∞(Br(z∞))
∫
Br(z∞)
g∞dυ∞
∣∣∣∣ dυ∞
holds for every r > 0, where zi → z∞, we see that gi converges strongly to g∞ at every
z∞ ∈ BR(x∞) satisfying
lim
r→∞
1
υ∞(Br(z∞))
∫
Br(z∞)
∣∣∣∣g∞ − 1υ∞(Br(z∞))
∫
Br(z∞)
g∞dυ∞
∣∣∣∣ dυ∞ = 0.
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
On the other hand, we recall the definition of Lp-convergence of functions with respect
to the Gromov-Hausdorff topology given by Kuwae-Shioya in [38, 40]. Note that without
loss of generality we can assume that every ǫi-isometry ψi : BRi(xi)→ BRi(x∞) is a Borel
map.
Definition 3.33. [40, Definition 3.14] Assume p <∞.
(1) We say that fi L
p-converges to f∞ on BR(x∞) in the sense of Kuwae-Shioya if
there exists {φj}j<∞ ⊂ C
0(BR(x∞)) such that
lim
j→∞
(lim sup
i→∞
||fi − φj ◦ ψi||Lp(BR(xi))) = lim
j→∞
||f∞ − φj ||Lp(BR(x∞)) = 0.
(2) We say that fi L
p-converges weakly to f∞ on BR(x∞) in the sense of Kuwae-Shioya
if
lim
i→∞
∫
BR(xi)
figidυi =
∫
BR(x∞)
f∞g∞dυ∞
holds for every Lq-convergent sequence gi → g∞ on BR(x∞) in the sense of Kuwae-
Shioya.
We end this subsection by giving an equivalence between Kuwae-Shioya’s formulation
and our setting:
Corollary 3.34. We have the following:
(1) fi L
p-converges strongly to f∞ on BR(x∞) if and only if fi L
p-converges to f∞ on
BR(x∞) in the sense of Kuwae-Shioya.
(2) fi converges weakly to f∞ on BR(x∞) if and only if fi L
p-converges weakly to f∞
on BR(x∞) in the sense of Kuwae-Shioya.
Proof. It is a direct consequence of Remark 3.23 and Proposition 3.27. 
Remark 3.35. In [38, 40] Kuwae-Shioya proved a compactness result which corresponds
to Proposition 3.19 for the case p = 2. For instance they showed that {Lp(BR(xi))}i
satisfies an asymptotic relation (see [40, Definition 3.1, Theorem 3.27] for the precise
definition and statement), and gave a compactness result for a sequence of CAT(0) spaces
having an asymptotic relation. However in general, Lp(BR(xi)) is NOT a CAT(0)-space,
more precisely, Lp-space is CAT(0) if and only if p = 2. Therefore we can not apply
directly [40, Lemma 5.5] to our setting for p 6= 2.
Remark 3.36. Assume p <∞. Then it is easy to check that if (Xi, xi, υi) ≡ (X, x, υ)
and ψi = idX hold for every i ≤ ∞, then fi L
p-converges strongly to f∞ with respect to
the convergence (X, x, υ)
(idX ,ǫi,Ri)
→ (X, x, υ) if and only if ||fi − f∞||Lp(BR(x)) → 0.
26 SHOUHEI HONDA
Remark 3.37. By Proposition 3.11 and the same way as in Definition 3.25, we can give
the definition of L1-strong convergence of functions with respect to the Gromov-Hausdorff
topology and also show that it is equivalent to that in the sense of Kuwae-Shioya given
in [40].
3.1.4. Poincare´ inequality and Lp-strong compactness. In this subsection we will prove a
compactness result about Lp-strong convergence. The following proposition is an essential
tool to get it:
Proposition 3.38. Let (X, υ) be a proper geodesic metric measure space, x ∈ X with
υ(B1(x)) = 1 and 1 < p <∞. Assume that the following two conditions hold:
(1) (The doubling property on (X, υ) for κ = κ(r)). For every r > 0 there exists
κ = κ(r) ≥ 0 such that υ(B2t(y)) ≤ 2
κυ(Bt(y)) holds for every y ∈ X and every
t < r.
(2) (The weak Poincare´ inequality of type (1, p) on (X, υ) for τ = τ(r)). For every
r > 0 there exists τ = τ(r) > 0 such that for every y ∈ X, every t ≤ r and every
f ∈ H1,p(Bt(x)), we have
1
υ(Bt(y))
∫
Bt(y)
∣∣∣∣f − 1υ(Bt(y))
∫
Bt(y)
fdυ
∣∣∣∣ dυ ≤ τt
(
1
υ(Bt(y))
∫
Bt(y)
|gf |
pdυ
)1/p
,
where gf is the minimal generalized upper gradient for f (see [5, Theorem 2.10]
for the precise definition of gf).
Then for every T > 0, every R > 0, every L ≥ 1 and every f ∈ H1,p(BR(x)) with
||f ||H1,p(BR(x)) ≤ T , there exists an L-Lipschitz function fL on BR/5(x) such that ||fL||H1,p(BR/5(x)) ≤
C(κ(R), τ(R), p, T, R) and ||f − fL||Lp(BR/5(x)) ≤ C(κ(R), τ(R), p, T, R)L
−α, where α :=
α(κ(R), τ(R), p, R) > 0.
Proof. Define f ≡ 0 on X \BR(x). Let
KL :=
{
z ∈ BR(x);
1
υ(Br(z))
∫
Br(z)
|df |pdυ ≤ Lp for every r ≤ R
}
.
By the proof of [30, Lemma 3.1], we have υ(BR(x) \KL) ≤ C(κ(R), T )L
−p. On the other
hand, the Poincare´ inequality yields that
1
υ(Br(w))
∫
Br(w)
∣∣∣∣f − 1υ(Br(w))
∫
Br(w)
fdυ
∣∣∣∣dυ ≤ τ(R)rL
holds for every w ∈ KL and every r ≤ R with Br(w) ⊂ BR(x). An argument similar
to the proof of [5, Theorem 4.14] yields that there exists KˆL ⊂ KL ∩ BR/5(x) such that
υ(KL∩BR/5(x)\KˆL) = 0 and that f |KˆL is C(κ(R), τ(R))L-Lipschitz. MacShane’s lemma
(c.f. (8.2) or (8.3) in [5]) yields that there exists a C(κ(R), τ(R))L-Lipschitz function fL
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on X such that fL|KˆL ≡ f |KˆL. Then [5, Corollary 2.25] yields∫
BR/5(x)
|dfL|
pdυ =
∫
BR/5(x)\KˆL
|dfL|
pdυ +
∫
KˆL
|dfL|
pdυ
≤
∫
BR/5(x)\KˆL
C(κ(R), τ(R), p)Lpdυ +
∫
KˆL
|df |pdυ
≤ C(κ(R), τ(R), p)υ(BR(x) \KL)L
p + T p ≤ C (κ(R), τ(R), p, T ) .
Fix y0 ∈ KˆL ∩BR/5(x) with
fL(y0) = f(y0) = lim
r→0
1
υ(Br(y0))
∫
Br(y0)
fdυ.
Then for every y ∈ BR(x) we have |fL(y)| ≤ |fL(y0)| + C(κ(R), τ(R))L. On the other
hand, the Poincare´ inequality and a ‘telescope argument’ (see the proof of [5, Theorem
4.14]) yield ∣∣∣∣∣fL(y0)− 1υ(BR/5(y0))
∫
BR/5(y0)
fdυ
∣∣∣∣∣ ≤ C(κ(R), τ(R), R)L.
Therefore we have ||fL||L∞(BR(x)) ≤ C(κ(R), τ(R), T, R)L. In particular we have∫
BR/5(x)
|fL|dυ =
∫
BR/5(x)\KˆL
|fL|dυ +
∫
KˆL
|f |dυ
≤ υ(BR/5(x) \ KˆL)C(κ(R), τ(R), T, R)L+ C(κ(R), p, T, R)
≤ C(κ(R), τ(R), p, T, R).
On the other hand, the Poincare´-Sobolev inequality [27, Theorem 1] yields that there
exists pˆ := pˆ(κ(R), τ(R), p) > p such that
 1
υ(BR/5(x))
∫
BR/5(x)
∣∣∣∣∣fL − 1υ(BR/5(x))
∫
BR/5(x)
fLdυ
∣∣∣∣∣
pˆ
dυ


1/pˆ
≤ C(κ(R), τ(R), R, p)
(
1
υ(BR/5(x))
∫
BR/5(x)
|dfL|
pdυ
)1/p
≤ C (κ(R), τ(R), p, T, R) .
In particular we have ||fL||Lpˆ(BR/5(x)) ≤ C(κ(R), τ(R), p, T, R). Similarly we have ||f ||Lpˆ(BR(x)) ≤
C(κ(R), τ(R), p, T, R). Therefore the Ho¨lder inequality yields ||f − fL||Lp(BR/5(x)) ≤
(υ(BR/5(x) \ KˆL))
1/β||f − fL||Lpˆ(BR/5(x)) ≤ C(κ(R), τ(R), p, T, R)L
−p/β, where β is the
conjugate exponent of pˆ/p > 1. Therefore we have the assertion. 
We are now in a position to give a compactness result about Lp-strong convergence.
Compare with [40, Theorem 4.5]:
28 SHOUHEI HONDA
Proposition 3.39. Let 1 < p <∞. Assume that there exists {τ = τ(r)}r>0 ⊂ R such
that the weak Poincare´ inequality of type (1, p) for τ holds on (Xi, υi) for every i < ∞.
Then for every sequence {fi}i<∞ of fi ∈ H1,p(BR(xi)) with supi<∞ ||fi||H1,p < ∞, there
exist f∞ ∈ L
p(BR(x∞)) and a subsequence {fi(j)}j of {fi}i such that fi(j) L
p-converges
strongly to f∞ on BR(x∞).
Proof. Let T := supi<∞ ||fi||H1,p. Proposition 3.19 yields that there exist f∞ ∈
Lp(BR(x∞)) and a subsequence {fi(j)}j of {fi}i such that fi(j) converges weakly to f∞ on
BR(x∞).
Claim 3.40. Let r > 0 and z∞ ∈ BR(x∞) with B5r(z∞) ⊂ BR(x∞). Then fi(j) L
p-
converges strongly to f∞ on Br(z∞).
The proof is as follows. By Proposition 3.38, for every L ≥ 1 and every j < ∞, there
exists an L-Lipschitz function (fi(j))L on Br(zi(j)) such that ||fi(j) − (fi(j))L||Lp(Br(zi(j))) ≤
C(κ(R), τ(R), p, T, R)L−α, where α = α(κ(R), τ(R), p) > 0 and zi(j) → z∞. By Proposi-
tion 3.3, without loss of generality we can assume that there exists an L-Lipschitz function
(f∞)L on Br(z∞) such that (fi(j))L → (f∞)L on Br(z∞). Then Proposition 3.29 yields
||f∞−(f∞)L||Lp(Br(z∞)) ≤ lim infj→∞ ||fi(j)−(fi(j))L||Lp(Br(zi(j))) ≤ C(κ(R), τ(R), p, T, R)L
−α.
Since L is arbitrary, we have Claim 3.40.
Let pˆ, β as in the proof of Proposition 3.38 and let {Brl(wl)}l be a countable pairwise
disjoint collection with B5rl(wl) ⊂ BR(x∞) and υ∞(BR(x∞) \
⋃
lBrl(wl)) = 0. Fix ǫ > 0.
Let N0 with υ∞(BR(x∞) \
⋃N0
l=1Brl(wl)) < ǫ. By the proof of Proposition 3.38 we have
||fi(j)||Lpˆ(BR(xi(j))) ≤ C(κ(R), τ(R), p, T, R) for every j < ∞. In particular the Ho¨lder
inequality yields∣∣∣∣∣
∫
BR(xi(j))
|fi(j)|
pdυi(j) −
N0∑
l=1
∫
Brl(wl,i(j))
|fi(j)|
pdυi(j)
∣∣∣∣∣
≤
(
υi(j)
(
BR(xi(j)) \
N0⋃
l=1
Brl(wl,i(j))
))1/β
||fi(j)||
p
Lpˆ(BR(xi(j)))
< Ψ(ǫ; κ(R), τ(R), p, T, R)
for every sufficiently large j <∞, where wl,i(j) → wl. Thus Claim 3.40 yields
∫
BR(xi(j))
|fi(j)|
pdυi(j) =
N0∑
l=1
∫
Brl (wl,i(j))
|fi(j)|
pdυi(j) ±Ψ(ǫ; κ(R), τ(R), p, T, R)
=
N0∑
l=1
∫
Brl (wl)
|f∞|
pdυ∞ ±Ψ(ǫ; κ(R), τ(R), p, T, R)
≤
∫
BR(x∞)
|f∞|
pdυ∞ +Ψ(ǫ; κ(R), τ(R), p, T, R)
RICCI CURVATURE 29
for every sufficiently large j <∞. Since ǫ is arbitrary, we have lim supj→∞ ||fi(j)||Lp(BR(xi(j))) ≤
||f∞||Lp(BR(x∞)). Thus Proposition 3.31 yields that fi(j) L
p-converges strongly to f∞ on
BR(x∞). 
3.2. Tensor fields. Throughout this subsection we will always consider the following
setting:
(1) R > 0, n ∈ N, 1 < p ≤ ∞ and r, s ∈ Z≥0.
(2) {(Mi, mi)}i<∞ is a sequence of pointed n-dimensional complete Riemannian man-
ifolds with RicMi ≥ −(n− 1).
(3) (M∞, m∞, υ) is the Ricci limit space of {(Mi, mi, vol)}i<∞ with M∞ 6= {m∞}.
Let k := dimM∞.
3.2.1. L1w−loc, L
1
loc-tensor fields.
Definition 3.41. We say that T∞ ∈ ΓBor(T
r
sBR(m∞)) is a weakly locally L
1-tensor
field if 〈T∞,
⊗r
j=1∇rxj ⊗
⊗r+s
j=r+1 drxj〉 ∈ L
1
loc(BR(m∞)) for every {xj}j ⊂ M∞. We also
say that T∞ ∈ ΓBor(T
r
sBR(m∞)) is a locally L
1-tensor field if |T∞| ∈ L
1
loc(BR(m∞)).
Let us denote by L1w−loc(T
r
sBR(m∞)) the set of weakly locally L
1-tensor fields of type
(r, s) on BR(m∞) and by L
1
loc(T
r
sBR(m∞)) the set of locally L
1-tensor fields of type (r, s)
on BR(m∞). We end this subsection by giving the definition of the pointwise convergence
of (W) for L1w−loc-tensor fields as in Section 1:
Definition 3.42. Let Ti ∈ L
1
w−loc(T
r
sBR(mi)) for every i ≤ ∞. We say that Ti con-
verges weakly to T∞ at z∞ ∈ BR(m∞) if 〈Ti,
⊗r
j=1∇rxj,i⊗
⊗r+s
j=r+1 drxj,i〉 converges weakly
to 〈T∞,
⊗r
j=1∇rxj ⊗
⊗r+s
j=r+1 drxj〉 at z∞ for every xl,i → xl as i→∞.
3.2.2. L∞-tensor fields. Let Ti ∈ L
∞(T rsBR(mi)) for every i ≤ ∞ with supi≤∞ ||Ti||L∞ <
∞.
Definition 3.43. We say that Ti converges strongly to T∞ at z∞ ∈ BR(m∞) if the
following two conditions hold:
(1) Ti converges weakly to T∞ at z∞.
(2) {|Ti|
2}i is weakly upper semicontinuous at z∞.
Compare with Definition 3.7, Proposition 3.12, Remark 3.13 and [30, Definition 4.4].
Proposition 3.44. We see that
⊗r
i=1∇rxi,j⊗
⊗r+s
i=r+1 drxi,j converges strongly to
⊗r
i=1∇rxi,∞⊗⊗r+s
i=r+1 drxi,∞ at every z∞ ∈ M∞ as j →∞ for every xi,j → xi,∞.
Proof. For every xˆi,j → xˆi,∞, since〈
r⊗
i=1
∇rxi,j ⊗
r+s⊗
i=r+1
drxi,j ,
r⊗
i=1
∇rxˆi,j ⊗
r+s⊗
i=r+1
drxˆi,j
〉
(w) =
r+s∏
i=1
cos∠xi,jwxˆi,j
holds for a.e. w ∈Mj , the assertion follows from Propositions 3.11, 3.14 and 3.17. 
30 SHOUHEI HONDA
The following is a main property of the strong convergence:
Proposition 3.45. Let rˆ, sˆ ∈ Z≥0, Si ∈ L
∞(T rˆsˆBR(mi)) for every i ≤ ∞ with
supi≤∞ ||Si||L∞ < ∞ and A ⊂ BR(m∞). Assume that Si, Ti converge strongly to S∞, T∞
at a.e. z∞ ∈ A, respectively. Then we have the following:
(1) If (r, s) = (rˆ, sˆ), then 〈Si, Ti〉 converges strongly to 〈S∞, T∞〉 at a.e. z∞ ∈ A.
(2) Si ⊗ Ti(∈ L
∞(T r+rˆs+sˆBR(mi))) converges strongly to S∞ ⊗ T∞ at a.e. z∞ ∈ A.
(3) If (r, s) = (rˆ, sˆ), then Si + Ti converges strongly to S∞ + T∞ at a.e. z∞ ∈ A.
(4) If rˆ ≤ r and sˆ ≤ s, then Ti(Si)(∈ L
∞(T r−rˆs−sˆBR(mi))) converges strongly to T∞(S∞)
at a.e. z∞ ∈ A.
Proof. Let Λ := Map({1, . . . , r + s} → {1, . . . , k}) and Lˆ := supi ||Si||L∞. By an
argument similar to the proof of [30, Lemma 3.15], for a.e. z∞ ∈ BR(m∞) there exist
{xi}1≤i≤k ⊂M∞ and {C(a)}a∈Λ ⊂ R with |C(a)| ≤ C(Lˆ, n) such that
lim
r→0
1
υ(Br(z∞))
∫
Br(z∞)
∣∣∣∣∣S∞ −
∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j) ⊗
r+s⊗
j=r+1
drxa(j)
∣∣∣∣∣
2
dυ = 0.
Thus (1) follows from Proposition 3.44 and an argument similar to the proof of [30,
Theorem 4.4]. On the other hand, (2), (3), (4) follow directly from (1), Propositions 3.11
and 3.12. 
Corollary 3.46. If Ti converges strongly to T∞ at a.e. z∞ ∈ BR(m∞), then Ti
converges strongly to T∞ at every z∞ ∈ BR(m∞).
Proof. It follows from Propositions 3.12, 3.17, Corollary 3.18 and Proposition 3.45.

We now recall a main result of [30]:
Proposition 3.47. [30, Corollary 4.5] Let fi be a Lipschitz function on BR(mi) for
every i ≤ ∞ with supi≤∞ Lipfi < ∞. Assume that fi ∈ C
2(BR(mi)) holds for every
i <∞ with supi<∞ ||∆fi||L2(BR(mi)) <∞, and that fi → f∞ on BR(m∞). Then dfi → df∞
on BR(m∞) (which means that dfi converges strongly to df∞ on BR(m∞)).
In Section 4 we will prove that the assumption of uniform L2-bounds as in Proposition
3.47 can be replaced by uniform L1-bounds. See Corollary 4.6. We will also easily check
that this assumption of uniform L1-bounds is sharp in some sense. See Remarks 4.7 and
4.8.
3.2.3. Lp-tensor fields. Let 1 < p ≤ ∞, Ti ∈ L
p(T rsBR(mi)) for every i ≤ ∞ with
L := supi≤∞ ||Ti||Lp <∞ and let q is the conjugate exponent of p.
Proposition 3.48. Let rˆ, sˆ ∈ Z≥0, Si ∈ L
∞(T rˆsˆBR(mi)) for every i ≤ ∞ with supi≤∞ ||Si||L∞ <
∞ and A ⊂ BR(m∞). Assume that Si converges strongly to S∞ at a.e. z∞ ∈ A and that
Ti converges weakly to T∞ at a.e. z∞ ∈ A. Then we have the following:
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(1) If (r, s) = (rˆ, sˆ), then 〈Si, Ti〉 converges weakly to 〈S∞, T∞〉 at a.e. z∞ ∈ A.
(2) Si ⊗ Ti converges weakly to S∞ ⊗ T∞ at a.e. z∞ ∈ A.
(3) If rˆ ≤ r and sˆ ≤ s, then Ti(Si) converges weakly to T∞(S∞) at a.e. z∞ ∈ A.
(4) If r ≤ rˆ and s ≤ sˆ, then Si(Ti) converges weakly to T∞(S∞) at a.e. z∞ ∈ A.
Proof. We first check (1). With the same notation as in the proof of Proposition 3.45,
for a.e. z∞ ∈ BR(m∞) and every ǫ > 0 there exists r > 0 such that
1
υ(Bt(z∞))
∫
Bt(z∞)
∣∣∣∣∣S∞ −
∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j) ⊗
r+s⊗
j=r+1
drxa(j)
∣∣∣∣∣
2
dυ < ǫ
and
lim sup
i→∞
∣∣∣∣∣ 1volBt(zl)
∫
Bt(zl)
〈
Ti,
r⊗
j=1
∇rxa(j),i ⊗
r+s⊗
j=r+1
drxa(j),i
〉
dvol
−
1
υ(Bt(z∞))
∫
Bt(z∞)
〈
T∞,
r⊗
j=1
∇rxa(j) ⊗
r+s⊗
j=r+1
drxa(j)
〉
dυ
∣∣∣∣∣< ǫ
hold for every t < r and every a ∈ Λ. By an argument similar to the proof of [30, Theorem
4.4], we see that
1
volBt(zl)
∫
Bt(zl)
∣∣∣∣∣Sl −
∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j),l ⊗
r+s⊗
j=r+1
drxa(j),l
∣∣∣∣∣
2
dvol < Ψ(ǫ;n, Lˆ)
holds for every sufficiently large l, where xa(j),l → xa(j) and zl → z∞. Let
Kt,l :=
{
w ∈ Bt(zl);
∣∣∣∣∣Sl −
∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j),l ⊗
r+s⊗
j=r+1
drxa(j),l
∣∣∣∣∣ (w) ≤ Ψ(ǫ;n, Lˆ)
}
.
Then we have volKt,l/volBt(zl) ≥ 1−Ψ(ǫ;n, Lˆ, R). In particular we see that
1
volBt(zl)
∫
Bt(zl)
∣∣∣∣∣Sl −
∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j),l ⊗
r+s⊗
j=r+1
drxa(j),l
∣∣∣∣∣
q
dvol < Ψ(ǫ;n, Lˆ, p)
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holds for every sufficiently large l ≤ ∞. Therefore the Ho¨lder inequality and Proposition
3.44 yield that
1
volBt(zl)
∫
Bt(zl)
〈Sl, Tl〉dvol
=
1
volBt(zl)
∫
Bt(zl)
〈∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j),l ⊗
r+s⊗
j=r+1
drxa(j),l, Tl
〉
dvol±Ψ(ǫ;n, p, L, Lˆ)
=
1
υ(Bt(z∞))
∫
Bt(z∞)
〈∑
a∈Λ
C(a)
r⊗
j=1
∇rxa(j) ⊗
r+s⊗
j=r+1
drxa(j), T∞
〉
dυ ±Ψ(ǫ;n, p, L, Lˆ)
=
1
υ(Bt(z∞))
∫
Bt(z∞)
〈S∞, T∞〉dυ ±Ψ(ǫ;n, p, L, Lˆ)
holds for every sufficiently large l. Therefore we have (1). On the other hand, (2) follows
directly from Proposition 3.16 and (1). If rˆ ≤ r and sˆ ≤ s, then since〈
Tj(Sj),
r−rˆ⊗
i=1
∇rxi,j ⊗
r−rˆ+s−sˆ⊗
i=r−rˆ+1
drxi,j
〉
=
〈
Tj , Sj ⊗
(
r−rˆ⊗
i=1
∇rxi,j ⊗
r−rˆ+s−sˆ⊗
i=r−rˆ+1
drxi,j
)〉
,
(3) follows directly from (2). Similarly we have (4). 
The following is a direct consequence of Corollary 3.18, Propositions 3.44 and 3.48:
Corollary 3.49. If Ti converges weakly to T∞ at a.e. z∞ ∈ BR(m∞), then Ti con-
verges weakly to T∞ at every z∞ ∈ BR(m∞).
We now give a compactness result for the weak convergence of Lp-tensor fields similar
to Proposition 3.19:
Proposition 3.50. Let Si ∈ L
p(T rsBR(mi)) for every i <∞ with supi<∞ ||Si||Lp <∞.
Then there exist S∞ ∈ L
p(T rsBR(m∞)) and a subsequence {Si(j)}j of {Si}i such that Si(j)
converges weakly to S∞ on BR(m∞).
Proof. We only give a proof of the case p <∞ because the proof of the case p =∞ is
similar. Let A := {xi}i∈N be a dense subset of M∞ and Λ := Map({1, . . . , r + s} → N).
Proposition 3.19 yields that there exist a subsequence {i(j)}j and {Fa}a∈Λ ⊂ L
p(BR(x∞))
such that 〈Si(j),
⊗r
l=1∇rxa(l),i(j) ⊗
⊗r+s
l=r+1 drxa(l),i(j)〉 converges weakly to Fa on BR(x∞)
for every xk,i(j) → xk as j → ∞. By the assumption and [30, Lemma 3.1], there exists
K∞ ⊂ BR(m∞) such that υ(BR(m∞) \K∞) = 0, K∞ ⊂M∞ \
⋃
i Cxi,
Fa(w∞) = lim
r→0
1
υ(Br(w∞))
∫
Br(w∞)
Fadυ
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holds for every a ∈ Λ and every w∞ ∈ K∞, and that for every z∞ ∈ K∞,
lim sup
r→0
(
lim sup
j→∞
1
volBr(zi(j))
∫
Br(zi(j))
|Si(j)|
pdvol
)
<∞
holds for some zi(j) → z∞ (see also the proof of Proposition 3.72).
Claim 3.51. Let z∞ ∈ K∞ and {Ci(a)}a∈Λ,i=1,2 ⊂ R. Assume that there exists a finite
subset Λˆ ⊂ Λ such that Ci(a) = 0 holds for every a ∈ Λ \ Λˆ and every i = 1, 2, and that
∑
a,b∈Λ
(C1(a)− C2(b))
r+s∏
l=1
cos∠xa(l)z∞xb(l) = 0
holds. Then
∑
aC1(a)Fa(z∞) =
∑
aC2(a)Fa(z∞).
The proof is as follows. By the proof of [31, Theorem 4.3], we see that∣∣∣∣∣ 1volBr(zi(j))
∫
Br(zi(j))
〈
Si(j), X
1
i(j)
〉
dvol−
1
volBr(zi(j))
∫
Br(zi(j))
〈
Si(j), X
2
i(j)
〉
dvol
∣∣∣∣∣
≤
(
1
volBr(zi(j))
∫
Br(zi(j))
|Si(j)|
pdvol
)1/p(
1
volBr(zi(j))
∫
Br(zi(j))
|X1i(j) −X
2
i(j)|
qdvol
)1/q
→ 0
holds as j →∞ and r → 0, whereXmi(j) =
∑
a∈Λ Cm(a)
⊗r
l=1∇rxa(l),i(j)⊗
⊗r+s
l=r+1 drxa(l),i(j) ∈
L∞(T rsMi(j)). Therefore we have Claim 3.51.
Theorem 2.11, [30, Remark 4.3] and Claim 3.51 yield that there exists a unique S∞ ∈
ΓBor(T
r
sBR(m∞)) such that for every a ∈ Λ we see that 〈S∞,
⊗r
l=1∇rxa(l)⊗
⊗r+s
l=r+1 drxa(l)〉(w∞) =
Fa(w∞) holds for a.e. w∞ ∈ BR(m∞). In particular S∞ ∈ L
1
w−loc(T
r
sBR(m∞)).
Claim 3.52. S∞ ∈ L
p(T rsBR(m∞)).
The proof is as follows. By Theorem 2.11, Remark 2.12 and Lebesgue’s differentiation
theorem, without loss of generality we can assume that there exist sequences {Kj}j<∞
of Kj ⊂ K∞ and {Ij}j<∞ of Ij ⊂ N such that ♯Ij = k(= dimM∞), LebKj = Kj,
K∞ =
⋃
j Kj and that for every ǫ > 0 and every z∞ ∈ K∞, there exists j := j(z∞, ǫ)
such that z∞ ∈ Kj and that {
⊗r
l=1∇rxa(l) ⊗
⊗r+s
l=r+1 drxa(l)(w∞)}a∈Λj is an ǫ-orthogonal
basis on (T rsM∞)w∞ for every w∞ ∈ Kj, where Λj := Map({1, . . . , r + s} → Ij). Thus
Proposition 2.1 yields that
|S∞|
2(w∞) ≤ (1 + Ψ(ǫ; r, s, n))
∑
a∈Λj
〈S∞,
r⊗
l=1
∇rxa(l) ⊗
r+s⊗
l=r+1
drxa(l)〉
2(w∞)
= (1 + Ψ(ǫ; r, s, n))
∑
a∈Λj
(Fa(w∞))
2
holds for every w∞ ∈ Kj, in particular, |S∞|
p(w∞) ≤ C(n, p, r, s)
∑
a∈Λj
|Fa(w∞)|
p.
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Fix a sufficiently small ǫ > 0. A standard covering argument yields that there exists
a countable pairwise disjoint collection {Bri(wi)}i such that wi ∈ Kj(i) where j(i) :=
j(wi, ǫ), B5ri(wi) ⊂ BR(m∞), υ(Bri(wi) ∩ Kj(i))/υ(Bri(wi)) ≥ 1 − ǫ and that K∞ \⋃N
i=1Bri(wi) ⊂
⋃∞
i=N+1B5ri(wi) ⊂ BR(m∞) holds for every N . FixN0 with
∑∞
i=N0+1
υ(B5ri(wi)) <
ǫ. LetKǫ∞ :=
⋃N0
i=1(Bri(wi)∩Kj(i)). Note υ(BR(m∞)\K
ǫ
∞) ≤ (1+Ψ(ǫ;n))υ
(
K∞ \
⋃N0
i=1Bri(wi)
)
<
Ψ(ǫ;n). Then Proposition 3.29 yields that∫
Kǫ
∞
|S∞|
pdυ
=
N0∑
l=1
∫
Brl(wl)∩Kj(l)
|S∞|
pdυ
≤ C(n, p, r, s)
N0∑
l=1
∑
a∈Λj(l)
∫
Brl (wl)∩Kj(l)
|Fa|
pdυ +Ψ(ǫ;n,R)
≤ C(n, p, r, s)
N0∑
l=1
∑
a∈Λj(l)
∫
Brl (wl,i(m))
∣∣∣∣∣
〈
Si(m),
r⊗
t=1
∇rxa(t),i(m) ⊗
r+s⊗
t=r+1
drxa(t),i(m)
〉∣∣∣∣∣
p
dvol + Ψ(ǫ;n,R)
≤ C(n, p, r, s)
N0∑
l=1
∫
Brl(wl,i(m))
|Si(m)|
pdvol + Ψ(ǫ;n,R)
≤ C(n, p, r, s)
∫
BR(mi(m))
|Si(m)|
pdvol + Ψ(ǫ;n,R)
holds for every sufficiently largem, where wl,i(m) → wl asm→∞. Thus by the dominated
convergence theorem, we have Claim 3.52.
Thus we have the assertion. 
The next corollary follows from Proposition 3.50 and an argument similar to the proof
of Corollary 3.20:
Corollary 3.53. Let Si ∈ L
p(T rsBR(mi)) for every i < ∞ with supi<∞ ||Si||Lp < ∞,
and S∞ ∈ L
1
w−loc(T
r
sBR(m∞)). Assume that Si converges weakly to S∞ at a.e. z∞ ∈
BR(m∞). Then S∞ ∈ L
p(T rsBR(m∞)).
Remark 3.54. Similarly, we can prove the following: Let {(Cj, φj)}j be a rectifiable
coordinate system of (M∞, υ) associated with {(Mi, mi)}i, Si ∈ L
p(T rsBR(mi)) for every
i <∞ with supi<∞ ||Si||Lp <∞, and S∞ ∈ ΓBor(T
r
sBR(m∞)). Assume that the following
hold:
(1) 〈S∞,
⊗r
l=1∇φj,a(l),∞ ⊗
⊗r+s
l=r+1 dφj,a(l),∞〉 ∈ L
1
loc holds for every j and every a ∈
Map({1, . . . , r + s} → {1, . . . , k}).
(2) 〈Si,
⊗r
l=1∇φj,a(l),i ⊗
⊗r+s
l=r+1 dφj,a(l),i〉 converges weakly to 〈S∞,
⊗r
l=1∇φj,a(l),∞ ⊗⊗r+s
l=r+1 dφj,a(l),∞〉 at a.e. z∞ ∈ Cj for every j and every a ∈ Map({1, . . . , r+ s} →
{1, . . . , k}).
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Then S∞ ∈ L
p(T rsBR(m∞)). Moreover, in Proposition 3.71 we will prove that Si converges
weakly to S∞ on BR(m∞).
Definition 3.55. Assume p <∞. Let S∞ ∈ L
p(T rsBR(m∞)) and Si,j ∈ L
∞(T rsBR(mi))
for every i ≤ ∞ and every j <∞. We say that {Si,j}i,j is an L
p-approximate sequence of
S∞ if the following three conditions hold:
(1) supi≤∞ ||Si,j||L∞ <∞ for every j.
(2) Si,j converges strongly to S∞,j on BR(m∞) as i→∞ for every j.
(3) ||S∞ − S∞,j||Lp → 0 as j →∞.
Proposition 3.56. Assume p < ∞. For every S∞ ∈ L
p(T rsBR(m∞)) there exists an
Lp-approximate sequence of S∞.
Proof. It is easy to check that L∞(T rsBR(m∞)) is dense in L
p(T rsBR(m∞)). Thus
without loss of generality we can assume that S∞ ∈ L
∞. Let Λ := Map({1, . . . , r +
s} → {1, . . . , k}). By an argument similar to the proof of Proposition 3.48, there exists
K∞ ⊂ BR(m∞) such that υ(BR(m∞) \K∞) = 0 and that for every z∞ ∈ K∞ there exist
{C(a, z∞)}a∈Λ ⊂ R and {xj(z∞)}1≤j≤k ⊂ M∞ such that for every ǫ > 0, there exists
r(z∞, ǫ) > 0 such that for every t < r(z∞, ǫ), we see that
1
volBt(zl)
∫
Bt(zl)
∣∣∣∣∣Sl −
∑
a∈Λ
C(a, z∞)
r⊗
j=1
∇rxa(j),l(z∞) ⊗
r+s⊗
j=r+1
drxa(j),l(z∞)
∣∣∣∣∣
p
dvol < ǫ
holds for every sufficiently large l ≤ ∞, where zl → z∞ and xj,l(z∞)→ xj(z∞) as l →∞.
Fix j ∈ N. A standard covering argument yields that there exists a finite pairwise disjoint
collection {Bri(wi)}1≤i≤N such that wi ∈ K∞, ri < r(wi, j
−1), Bri(wi) ⊂ BR(m∞), and
υ
(
K∞ \
⋃N
i=1Bri(wi)
)
< j−1. Let Sl,j :=
∑
a∈Λ,1≤i≤N C(a, wi)1Bri(wi,l)
⊗r
j=1∇rxa(j),l(wi)⊗⊗r+s
j=r+1 drxa(j),l(wi), where wi,l → wi as l →∞. Then Proposition 3.44 yields that {Sl,j}l,j
is an Lp-approximate sequence of S∞. 
Proposition 3.45 yields:
Proposition 3.57. Assume p <∞. Let S∞ ∈ L
p(T rsBR(mi)) and let {Si,j}i,j, {Sˆi,j}i,j
be Lp-approximate sequences of S∞. Then
lim
j→∞
(
lim sup
i→∞
||Si,j − Sˆi,j||Lp
)
= 0.
We now are in a position to give the definition of (S) for tensor fields as in Section 1:
Definition 3.58. Assume p < ∞. We say that Ti L
p-converges strongly to T∞ on
BR(m∞) if
lim
j→∞
(
lim sup
i→∞
||Ti − Ti,j ||Lp
)
= 0
for every (or some) Lp-approximate sequence {Ti,j}i,j of T∞.
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By Proposition 3.45 and an argument similar to the proof of Corollary 3.26 we have
the following. See also Proposition 3.70.
Corollary 3.59. Let Si ∈ L
p(T rsBR(mi)) for every i ≤ ∞ with supi≤∞ ||Si||Lp < ∞.
Assume that Si, Ti L
p-converge strongly to S∞, T∞ on BR(m∞), respectively. Then Si+Ti
Lp-converges strongly to S∞ + T∞ on BR(m∞).
Remark 3.60. The Ho¨lder inequality yields that if Ti L
p converges strongly to T∞ on
BR(m∞), then Ti L
pˆ converges strongly to T∞ on BR(m∞) for every 1 < pˆ ≤ p.
By Proposition 3.45 and an argument similar to the proof of Proposition 3.27, we have
the following:
Proposition 3.61. Let Si ∈ L
q(T rsBR(mi)) for every i ≤ ∞ with supi≤∞ ||Si||Lq <∞.
Assume that p < ∞, Ti converges weakly to T∞ on BR(m∞) and that Si L
q-converges
strongly to S∞ on BR(m∞). Then
lim
i→∞
∫
BR(mi)
〈Si, Ti〉dvol =
∫
BR(m∞)
〈S∞, T∞〉dυ.
The following is a direct consequence of Proposition 3.61 and triangle inequality:
Proposition 3.62. Assume that p < ∞ and that Ti L
p-converges strongly to T∞ on
BR(m∞). Then we have the following:
(1) Ti converges weakly to T∞ on BR(m∞).
(2) |Ti| L
p-converges strongly to |T∞| on BR(m∞).
As a corollary of Propositions 3.30 and 3.62, we have the following:
Corollary 3.63. Assume that p < ∞ and that Ti L
p-converges strongly to T∞ on
BR(m∞). Then limi→∞ ||Ti||Lp = ||T∞||Lp.
We give a lower semicontinuity of Lp-norms with respect to the weak convergence:
Proposition 3.64. If Ti converges weakly to T∞ on BR(m∞), then lim inf i→∞ ||Ti||Lp ≥
||T∞||Lp.
Proof. First assume p <∞. Recall T
(p−1)
∞ (x) := |T∞(x)|
p−2T∞(x). Since |T
(p−1)
∞ (x)| =
|T∞(x)|
p−1, we see that T
(p−1)
∞ ∈ Lq(T rsBR(m∞)) and∫
BR(m∞)
〈T∞, T
(p−1)
∞ 〉dυ = ||T∞||
p
Lp = ||T
(p−1)
∞ ||
q
Lq
hold. Let {Tˆi,j}i,j be an L
q-approximate sequence of T
(p−1)
∞ . Then Proposition 3.48 and
the Ho¨lder inequality yield that
lim
i→∞
∫
BR(mi)
〈Ti, Tˆi,j〉dvol =
∫
BR(m∞)
〈T∞, Tˆ∞,j〉dυ,
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lim
j→∞
∫
BR(m∞)
〈T∞, Tˆ∞,j〉dυ =
∫
BR(m∞)
〈T∞, T
(p−1)
∞ 〉dυ = ||T∞||
p
Lp,∫
BR(mi)
〈Ti, Tˆi,j〉dvol ≤ ||Ti||Lp||Tˆi,j||Lq
hold, ||Tˆi,j||Lq → ||Tˆ∞,j||Lq holds as i → ∞, and that ||Tˆ∞,j||Lq → ||T
(p−1)
∞ ||Lq = ||T∞||
p/q
Lp
holds as j →∞. Therefore we have
||T∞||
p/q
Lp lim inf
i→∞
||Ti||Lp ≥ ||T∞||
p
Lp.
Therefore we have the assertion for the case p <∞.
Next assume p =∞. By considering rescaled metrics R−2gMi, without loss of generality
we can assume that volBR(mi) = 1 holds for every i ≤ ∞. Then since ||Ti||L∞ ≥ ||Ti||Lpˆ
holds for every pˆ < ∞, we see that lim inf i→∞ ||Ti||L∞ ≥ ||T∞||Lpˆ holds for every pˆ < ∞.
Letting pˆ→∞ gives the assertion for the case p =∞. 
Remark 3.65. It is easy to check that for p < ∞, if (Mi, mi, vol) ≡ (M∞, m∞, υ)
and ψi ≡ idM∞ hold for every i < ∞, then Ti L
p-converges strongly to T∞ on BR(m∞)
with respect to the convergence (M∞, m∞, υ)
(idM∞ ,ǫi,Ri)→ (M∞, m∞, υ) if and only if ||Ti−
T∞||Lp(BR(m∞)) → 0. Compare with Remark 3.36.
Proposition 3.66. Assume p <∞. Then Ti L
p-converges strongly to T∞ on BR(m∞)
if and only if the following two conditions hold:
(1) lim supi→∞ ||Ti||Lp ≤ ||T∞||Lp.
(2) Ti converges weakly to T∞ on BR(m∞).
Proof. First we recall Clarkson’s inequalities:
Claim 3.67. Let v, u ∈ Rl.
(1) If p < 2, then |u+ v|q + |u− v|q ≤ 2(|u|p + |v|p)q−1.
(2) If p ≥ 2, then |u+ v|p + |u− v|p ≤ 2p−1(|u|p + |v|p).
The proof is as follows. It is known that Claim 3.67 holds for l = 2. See for instance the
proof of Clarkson’s inequalities [12, Theorem 2]. Since there exists an isometric embedding
linear map from span{u, v} to R2, we have Claim 3.67.
The next claim follows from Claim 3.67 and an argument similar to the proof of Clark-
son’s inequalities [12, Theorem 2]:
Claim 3.68. Let T, S ∈ Lp(T rsBR(m∞)).
(1) If p < 2, then ||T + S||qLp + ||T − S||
q
Lp ≤ 2(||T ||
p
Lp + ||S||
p
Lp)
q−1.
(2) If p ≥ 2, then ||T + S||qLp + ||T − S||
q
Lp ≤ 2
p−1(||T ||pLp + ||S||
p
Lp).
Then Proposition 3.66 follows from Claim 3.68 and an argument similar to the proof
of Proposition 3.31. 
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Proposition 3.69. Let Si ∈ L
∞(T rsBR(mi)) for every i ≤ ∞ with supi≤∞ ||Si||L∞ <
∞. Then Si converges strongly to S∞ on BR(m∞) if and only if Si L
pˆ-converges strongly
to S∞ on BR(m∞) for some (or every) 1 < pˆ <∞.
Proof. It suffices to check ‘if’ part. Assume that Si L
pˆ-converges strongly to S∞ on
BR(m∞) for some pˆ. Then Propositions 3.32 and 3.62 yield that Si converges weakly to
S∞ on BR(m∞) and that |Si| converges strongly to |S∞| at a.e. x∞ ∈ BR(m∞). Thus
Propositions 3.11 gives that |Si|
2 converges strongly to |S∞|
2 at a.e. x∞ ∈ BR(m∞).
Therefore the assertion follows from Proposition 3.17. 
We now prove Theorem 1.2:
A proof of Theorem 1.2.
This is a direct consequence of Propositions 3.44 and 3.69. .
Proposition 3.70. Let rˆ, sˆ ∈ Z≥0 and Si ∈ L
∞(T rˆsˆBR(mi)) for every i ≤ ∞ with
supi≤∞ ||Si||L∞ < ∞. Assume that p < ∞, Ti L
p-converges strongly to T∞ on BR(m∞)
and that Si converges strongly S∞ at every z∞ ∈ BR(m∞). Then we have the following:
(1) If r = rˆ and s = sˆ, then 〈Si, Ti〉 L
p-converges strongly to 〈S∞, T∞〉 on BR(m∞).
(2) Si ⊗ Ti L
p-converges strongly to S∞ ⊗ T∞ on BR(m∞).
(3) If rˆ ≤ r and sˆ ≤ s, then Ti(Si) L
p-converges strongly to T∞(S∞) on BR(m∞).
(4) If r ≤ rˆ and s ≤ sˆ, then Si(Ti) L
p-converges strongly to S∞(T∞) on BR(m∞).
Proof. This is a direct consequence of Proposition 3.45. 
We end this subsection by giving the following compatibility result which performs a
crucial role in the next section.
Proposition 3.71. Let {(Cj, φj)}j be a rectifiable coordinate system of (M∞, υ) associ-
ated with {(Mi, mi)}i, and A ⊂ BR(m∞). Assume that 〈Ti,
⊗r
l=1∇φj,a(l),i⊗
⊗r+s
l=r+1 dφj,a(l),i〉
converges weakly to 〈T∞,
⊗r
l=1∇φj,a(l),∞⊗
⊗r+s
l=r+1 dφj,a(l),∞〉 at a.e. z∞ ∈ Cj∩A for every
j and every a ∈ Map({1, . . . , r + s} → {1, . . . , k}). Then Ti converges weakly to T∞ at
a.e. z∞ ∈ A.
Proof. Proposition 3.45 yields that
⊗r
l=1∇φj,a(l),i⊗
⊗r+s
l=r+1 dφj,a(l),i converges strongly
to
⊗r
l=1∇φj,a(l),∞ ⊗
⊗r+s
l=r+1 dφj,a(l),∞ at a.e. z∞ ∈ Cj ∩ A for every j and every a. Let
KˆLˆ be the set of z∞ ∈ BR(m∞) satisfying that there exists zi → z∞ such that
1
volBt(zi)
∫
Bt(zi)
|Ti|
pdvol ≤ Lˆ
holds for every t ≤ 1 and every i ≤ ∞. See also the proof of Proposition 3.72. Note that by
the proof of Proposition 3.50 (or Proposition 3.72), we see that υ(BR(m∞)\KˆLˆ)→ 0 holds
as Lˆ → ∞. Let {xi}1≤i≤r+s ⊂ M∞. By an argument similar to the proof of Proposition
3.45, without loss of generality we can assume that for every j and a.e. z∞ ∈ Cj ∩A there
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exists {C(a, j, z∞)}a ⊂ R with |C(a, j, z∞)| ≤ C(n) such that for every ǫ > 0 there exists
r := r(z∞, j, ǫ) > 0 such that
1
υ(Bt(z∞))
∫
Bt(z∞)
∣∣∣∣∣
r⊗
l=1
∇rxl ⊗
r+s⊗
l=r+1
drxl −
∑
a
C(a, j, z∞)
r⊗
l=1
∇φj,a(l),∞ ⊗
r+s⊗
l=r+1
dφj,a(l),∞
∣∣∣∣∣
q
dυ < ǫ
and
lim sup
i→∞
∣∣∣∣∣ 1volBt(zi)
∫
Bt(zi)
〈
Ti,
r⊗
l=1
∇φj,a(l),i ⊗
r+s⊗
l=r+1
dφj,a(l),i
〉
dvol
−
1
υ(Bt(z∞))
∫
Bt(z∞)
〈
T∞,
r⊗
l=1
∇φj,a(l),∞ ⊗
r+s⊗
l=r+1
dφj,a(l),∞
〉
dυ
∣∣∣∣∣< ǫ
hold for every t < r and every a. Moreover by Proposition 3.45 without loss of generality
we can assume that for every t < r
1
volBt(zi)
∫
Bt(zi)
∣∣∣∣∣
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i −
∑
a
C(a, j, z∞)
r⊗
l=1
∇φj,a(l),i ⊗
r+s⊗
l=r+1
dφj,a(l),i
∣∣∣∣∣
q
dvol < ǫ
holds for every sufficiently large i. Then for every j, a.e. z∞ ∈ Cj ∩ A ∩ KˆLˆ and every
t < r(z∞, j, ǫ), the Ho¨lder inequality yields that
1
volBt(zi)
∫
Bt(zi)
〈
Ti,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol
=
1
volBt(zi)
∫
Bt(zi)
〈
Ti,
∑
a
C(a, j, z∞)
r⊗
l=1
∇φj,a(l),i ⊗
r+s⊗
l=r+1
dφj,a(l),i
〉
dvol±Ψ(ǫ;n, Lˆ)
=
1
υ(Bt(z∞))
∫
Bt(z∞)
〈
T∞,
∑
a
C(a, j, z∞)
r⊗
l=1
∇φj,a(l),∞ ⊗
r+s⊗
l=r+1
dφj,a(l),∞
〉
dυ ±Ψ(ǫ;n, Lˆ)
=
1
υ(Bt(z∞))
∫
Bt(z∞)
〈
T∞,
r⊗
l=1
∇rxl ⊗
r+s⊗
l=r+1
drxl
〉
dυ ±Ψ(ǫ;n, Lˆ)
holds for every sufficiently large i, where xl,i → xl. Thus Ti converges weakly to T∞ at
a.e. z∞ ∈ Cj ∩A ∩ KˆLˆ. Therefore we have the assertion. 
3.2.4. Contraction. Let Ti ∈ L
p(T rsBR(mi)) for every i ≤ ∞ with L := supi≤∞ ||Ti||Lp <
∞. Assume p <∞.
In [8] Cheeger-Colding showed that the following four conditions (called noncollapsing
conditions) are equivalent:
(1) Rn 6= ∅.
(2) Ri = ∅ for every i < n.
(3) There exists ν > 0 such that volB1(mi) ≥ ν holds for every i <∞.
(4) dimHM∞ = dimM∞ = n, where dimH is the Hausdorff dimension.
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Note that if a condition above holds, then (Mi, mi, vol) → (M∞, m∞, H
n), where Hn is
the n-dimensional spherical Hausdorff measure. See [8, Theorems 5.9 and 5.11] for the
details.
The following is an essential tool to prove (1) of Theorem 1.5:
Proposition 3.72. Let A ⊂ BR(m∞). Assume that (M∞, m∞) is the noncollapsed
limit space of {(Mi, mi)}i and that Ti converges weakly to T∞ at a.e. z∞ ∈ A. Then C
a
b Ti
converges weakly to Cab T∞ at a.e. z∞ ∈ A for every 0 ≤ a ≤ b.
Proof. We will give a proof of the case for s = 0, a = 1, b = r = 2 only because the
proof of the other case is similar. Let Ti ≡ 0 on Mi \ BR(mi). For every Lˆ ≥ 1, let KLˆ,i
be the set of zi ∈ BR(mi) such that
1
volBt(zi)
∫
Bt(zi)
|Ti|
pdvol ≤ Lˆ
holds for every t ≤ 1. Then [30, Lemma 3.1] yields volKLˆ,i/volBR(mi) ≥ 1−Ψ(Lˆ
−1;n,R, L).
Let KˆLˆ,i be a compact subset of KLˆ,i with vol KˆLˆ,i/volBR(mi) ≥ 1 − Ψ(Lˆ
−1;n,R, L).
Without loss of generality we can assume that there exists limi→∞ KˆLˆ,i ⊂ BR(m∞). Note
that by [30, Proposition 2.3], we have υ(limi→∞ KˆLˆ,i)/υ(BR(m∞)) ≥ 1−Ψ(Lˆ
−1;n,R, L).
On the other hand, by Theorem 2.11, there exist a sequence {Kj}j∈N of Kj ⊂ M∞
and {xji}1≤i≤n,j∈N ⊂ M∞ with LebKj = Kj and Kj ⊂ M∞ \
⋃n
i=1Cxji
such that υ(M∞ \⋃
j Kj) = 0 and that for every z∞ ∈
⋃
j Kj and every ǫ > 0, there exists j := j(z∞, ǫ)
such that z∞ ∈ Kj and that {drxji
(w∞)}i is an ǫ-orthogonal basis on T
∗
w∞M∞ for every
w∞ ∈ Kj . Let KLˆ := limi→∞ KˆLˆ,i ∩ KˆLˆ,∞ ∩
⋃
j Kj .
Fix Lˆ ≥ 1, z∞ ∈ KLˆ ∩A and ǫ > 0. Let j := j(z∞, ǫ), {xi := x
j
i}i as above. Then there
exists r > 0 such that for every t < r we see that
1
υ(Bt(z∞))
∫
Bt(z∞)
|〈drxi, drxm〉 − δim| dυ < Ψ(ǫ;n)
holds for every i,m, and that∣∣∣∣∣ 1υ(Bt(z∞))
∫
Bt(z∞)
∑
i
T∞(drxi, drxi)dυ −
1
volBt(zl)
∫
Bt(zl)
∑
i
Tl(drxi,l, drxi,l)dvol
∣∣∣∣∣
≤ ǫ
holds for every sufficiently large l, where zl(∈ KLˆ,l) → z∞ and xi,l → xi. Fix t > 0 with
t < r. By Proposition 3.44 we see that
1
volBt(zl)
∫
Bt(zl)
∣∣〈drxi,l, drxm,l〉 − δim∣∣ dvol < Ψ(ǫ;n)
holds for every sufficiently large l ≤ ∞. Let At,l := {y ∈ Bt(zl); |〈drxi,l, drxj,l〉(y)− δij | <
Ψ(ǫ;n) holds for every i, j.}. Then we see that volAt,l/volBt(zl) ≥ 1 −Ψ(ǫ;n) holds for
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every sufficiently large l ≤ ∞. The Ho¨lder inequality yields that∣∣∣∣∣ 1volBt(zl)
∫
Bt(zl)
∑
i
Tl(drxi,l, drxi,l)dvol−
1
volBt(zl)
∫
At,l
∑
i
Tl(drxi,l, drxi,l)dvol
∣∣∣∣∣
≤ Ψ(ǫ; Lˆ, n, p)
and ∣∣∣∣∣ 1volBt(zl)
∫
Bt(zl)
Tr Tldvol−
1
volBt(zl)
∫
At,l
Tr Tldvol
∣∣∣∣∣ ≤ Ψ(ǫ; Lˆ, n, p)
hold for every sufficiently large l ≤ ∞. On the other hand, (1) of Proposition 2.1 yields∣∣∣∣∣ 1volBt(zl)
∫
At,l
∑
i
Tl(drxi,l, drxi,l)dvol−
1
volBt(zl)
∫
At,l
Tr Tldvol
∣∣∣∣∣ ≤ Ψ(ǫ; Lˆ, n, p).
Since Lˆ and ǫ are arbitrary, we have the assertion. 
Remark 3.73. Note that Proposition 3.72 does NOT hold for collapsing case. For
instance if M∞ is collapsed, then for every z∞ ∈ M∞, Tr gMi(≡ n) dose not L
p-converge
weakly to Tr gM∞(≡ k) at z∞.
On the other hand, for Lp-strong convergence we have the following without the non-
collapsing assumption:
Proposition 3.74. Assume that Ti L
p-converges strongly to T∞ on BR(m∞). Then
Cab Ti L
p-converges strongly to Cab T∞ on BR(m∞) for every 0 ≤ a ≤ b.
Proof. We will give a proof of the case for s = 0, a = 1, b = r = 2 only. By Definition
3.58 and Proposition 3.69, without loss of generality we can assume that Ti ∈ L
∞(BR(mi))
for every i ≤ ∞ with L1 := supi≤∞ ||Ti||L∞ <∞ and that Ti converges strongly to T∞ on
BR(m∞).
Let k := dimM∞. Theorem 2.11 yields that there exist a sequence {Kj}j∈N of Kj ⊂
M∞ and {x
j
i}1≤i≤k,j∈N ⊂ M∞ such that LebKj = Kj, Kj ⊂ M∞ \
⋃k
i=1Cxji
, υ(M∞ \⋃
j Kj) = 0 and that for every z∞ ∈
⋃
j Kj and every ǫ > 0 there exists j = j(z∞, ǫ)
such that z∞ ∈ Kj and that {drxji
(w∞)}i is an ǫ-orthogonal basis on T
∗
w∞M∞ for every
w∞ ∈ Kj .
Fix ǫ > 0 and z∞ ∈
⋃
j Kj . Let j := j(z∞, ǫ) as above. Then an argument similar to
the proof of Proposition 3.72 yields that there exists r > 0 such that
1
υ(Bt(z∞))
∫
Bt(z∞)
∣∣∣∣∣
k∑
s,t
(T∞(drxjs, drxjt
))2 − |T∞|
2
∣∣∣∣∣ dυ < Ψ(ǫ;n, L1)
holds for every t < r. Fix t > 0 with t < r. Then Proposition 3.45 yields that
1
volBt(zl)
∫
Bt(zl)
∣∣∣∣∣
k∑
s,t
(Tl(drxjs,l
, drxjt,l
))2 − |Tl|
2
∣∣∣∣∣ dvol < Ψ(ǫ;n, L1)
42 SHOUHEI HONDA
holds for every sufficiently large l ≤ ∞, where xis,l → x
i
s. Thus (2) of Proposition 2.1 and
an argument similar to the proof of Proposition 3.72 yield that
1
volBt(zl)
∫
Bt(zl)
∣∣∣∣∣
k∑
i=1
Tl(drxjs,l
, drxjs,l
)− tr Tl
∣∣∣∣∣ dvol < Ψ(ǫ;n, L1)
holds for every sufficiently large l ≤ ∞. Therefore we see that Tr Tl converges strongly to
Tr T∞ at z∞. Thus we have the assertion. 
Remark 3.75. Let R > 0 and let Ai be a Borel subset of BR(mi) for every i ≤ ∞
satisfying that 1Ai converges strongly to 1A∞ at a.e. z∞ ∈ BR(m∞). For a sequence
{Si}i≤∞ of Si ∈ L
p(T rsAi), we say that Si L
p-converges strongly to S∞ on A∞ if 1AiSi
Lp-converges strongly to 1A∞S∞ on BR(m∞). Then we can get several properties for this
convergence similar to that given in this section.
Remark 3.76. Let n ∈ N, K ∈ R and let {(Yi, yi, υi)}i≤∞ be a sequence of (n,K)-
Ricci limit spaces with (Yi, yi, υi) → (Y∞, y∞, υ∞), R > 0 and Ti ∈ L
p(T rsBR(yi)) for
every i ≤ ∞ with supi≤∞ ||Ti||Lp < ∞. Then similarly, we can also consider L
p-weak or
Lp-strong convergence Ti → T∞ and show several properties similar to that given in this
section.
4. Applications.
4.1. Convergence of Sobolev functions. In this subsection we consider the same set-
ting in the previous section again:
(1) (M∞, m∞, υ) is the (n,−1)-Ricci limit space of {(Mi, mi, vol)}i<∞ with M∞ 6=
{m∞}.
(2) R > 0, 1 < p ≤ ∞.
Let k := dimM∞. A main result of this subsection is Theorem 4.9.
Theorem 4.1. Let Xi ∈ L
p(TBR(mi)) for i ≤ ∞ with supi≤∞ ||Xi||Lp(BR(mi)) < ∞.
Assume that Xi ∈ D
p(divvol, BR(mi)) for every i <∞ with supi<∞ ||div
volXi||Lp <∞, and
that Xi converges weakly to X∞ on BR(m∞). Then we see that X∞ ∈ D
p(divυ, BR(m∞))
and that divvolXi converges weakly to div
υX∞ on BR(m∞).
Proof. Proposition 3.19 yields that there exist a subsequence {i(j)}j and h∞ ∈
Lp(BR(m∞)) such that div
volXi(j) converges weakly to h∞ on BR(m∞). Let f∞ be a
Lipschitz function on BR(m∞) with compact support. By [30, Theorem 4.2], without loss
of generality we can assume that there exists a sequence {fi(j)}j<∞ of Lipschitz functions
fi(j) on BR(mi(j)) such that supj Lipfi(j) <∞, every fi(j) has compact support and that
(fi(j), dfi(j))→ (f∞, df∞) on BR(m∞). Since∫
BR(mi(j))
〈∇fi(j), Xi(j)〉dvol = −
∫
BR(mi(j))
fi(j)div
volXi(j)dvol,
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by letting j →∞, we have∫
BR(m∞)
〈∇f∞, X∞〉dυ = −
∫
BR(m∞)
f∞h∞dυ.
In particular we have X∞ ∈ D
p(divυ, BR(m∞)) and h∞ = div
υX∞. The uniqueness of
divυX∞ yields that div
volXi converges weakly to div
υX∞ on BR(m∞). 
Remark 4.2. In general, Lp-strong convergence Xi → X∞ does NOT imply L
p-strong
convergence divvolXi → div
υX∞. We give a simple example: Let gn be as in Remark 3.10
and put
fn(t) :=
∫ t
0
∫ s
0
gn(x)dxds
on (0, 1). Then for every 1 < p <∞ we see that ∇fn L
p-converges strongly to 0 on (0, 1)
and that ∆fn does not L
p-converge strongly to 0 on (0, 1).
Remark 4.3. Let U be an open subset of M∞, X ∈ D
1
loc(div
υ, U) and f a Lipschitz
function on U with compact support. Then we see that fX ∈ D1loc(div
υ, U) and that
divυ(fX) = fdivυX + gM∞(∇f,X) holds. Compare with Proposition 2.6. It is easy to
check that if X has compact support, then∫
U
〈X,∇g〉dυ = −
∫
U
gdivυXdυ
holds for every locally Lipschitz function g on U .
The following theorem is a key result to prove Theorem 1.3:
Theorem 4.4. Let Xi ∈ L
p(TBR(mi)) for every i ≤ ∞ with supi≤∞ ||Xi||Lp < ∞,
1 < pˆ < ∞ and hi ∈ H1,pˆ(BR(mi)) for every i ≤ ∞ with supi≤∞ ||hi||H1,pˆ < ∞. Assume
that the following hold:
(1) qˆ < p, where qˆ is the conjugate exponent of pˆ.
(2) Xi converges weakly to X∞ on BR(m∞).
(3) Xi ∈ D
p(divvol, BR(mi)) holds for every i <∞ with supi<∞ ||div
volXi||Lp <∞.
(4) hi converges weakly to h∞ on BR(m∞).
Then
lim
i→∞
∫
BR(mi)
〈Xi,∇hi〉dvol =
∫
BR(m∞)
〈X∞,∇h∞〉dυ.
Proof. Let ǫ > 0 and L := supi(||Xi||Lp+||hi||H1,pˆ). Then [7, Theorem 6.33] yields that
for every i < ∞ there exists a C∞-function φǫi on Mi such that 0 ≤ φ
ǫ
i ≤ 1, supp(φ
ǫ
i) ⊂
BR−ǫ(mi), φ
ǫ
i|BR−2ǫ(mi) ≡ 1 and Lipφ
ǫ
i + ||∆φ
ǫ
i||L∞ ≤ C(n,R, ǫ). By Proposition 3.3,
without loss of generality we can assume that there exists a Lipschitz function φǫ∞ on
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M∞ such that φ
ǫ
i → φ
ǫ
∞ on M∞. Note that Proposition 3.39 yields that hi L
pˆ-converges
strongly to h∞ on BR(m∞). Corollary 3.26, Proposition 3.27 and Theorem 4.1 yield∫
BR(mi)
〈Xi,∇(φ
ǫ
ihi)〉dvol = −
∫
BR(mi)
divvolXiφ
ǫ
ihidvol
→ −
∫
BR(m∞)
divυX∞φ
ǫ
∞h∞dυ =
∫
BR(m∞)
〈X∞,∇(φ
ǫ
∞h∞)〉dυ.
On the other hand, Propositions 3.27, 3.48 and 3.61 yield∫
BR(mi)
〈Xi,∇φ
ǫ
i〉hidvol→
∫
BR(m∞)
〈X∞,∇φ
ǫ
∞〉h∞dυ.
Since ∫
BR(mi)
〈Xi,∇(φ
ǫ
ihi)〉dvol =
∫
BR(mi)
〈Xi,∇φ
ǫ
i〉hidvol +
∫
BR(mi)
〈Xi,∇hi〉φ
ǫ
idvol
holds for every i ≤ ∞, we have∫
BR(mi)
〈Xi,∇hi〉φ
ǫ
idvol→
∫
BR(m∞)
〈X∞,∇h∞〉φ
ǫ
∞dυ.
The Ho¨lder inequality yields that∣∣∣∣
∫
BR(mi)
φǫi〈Xi,∇hi〉dvol−
∫
BR(m∞)
〈Xi,∇hi〉dvol
∣∣∣∣
≤
(∫
BR(mi)
|1− φǫi |
qˆ|Xi|
qˆdvol
)1/qˆ (∫
BR(mi)
|∇hi|
pˆdvol
)1/pˆ
≤
(∫
BR(mi)
|1− φǫi |
qˆαdvol
)1/(qˆα)(∫
BR(mi)
|Xi|
pdυ
)1/p
L
≤ L2 (vol(BR(mi) \BR−2ǫ(mi)))
1/(qˆα) < Ψ(ǫ;n, L,R, p, pˆ)
holds for every i ≤ ∞, where α is the conjugate exponent of p/qˆ > 1. Therefore since ǫ
is arbitrary, we have the assertion. 
Corollary 4.5. Assume p < ∞. Let hi ∈ H1,p(BR(mi)) for every i ≤ ∞ with
supi≤∞ ||hi||H1,p(BR(mi)) <∞. Assume that hi converges weakly to h∞ on BR(m∞). Then
dhi converges weakly to dh∞ on BR(m∞). In particular, lim inf i→∞ ||dhi||Lp(BR(mi)) ≥
||dh∞||Lp(BR(m∞)).
Proof. Let x∞ ∈ BR(m∞), r > 0 with Br(x∞) ⊂ BR(m∞), and let fi be a harmonic
function on Br(xi) for every i < ∞ with supi<∞ Lipfi < ∞, where xi → x∞, and
f∞ a Lipschitz function on Br(x∞) with fi → f∞ on Br(x∞). Then Theorem 4.4 and
Proposition 3.47 yield
lim
i→∞
∫
Br(xi)
〈dfi, dhi〉dvol =
∫
Br(x∞)
〈df∞, dh∞〉dυ.
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Thus Theorem 2.10 and Proposition 3.71 yield that dhi converges weakly to dh∞ on
BR(m∞). 
The following corollary is a refinement of a main theorem of [30]. Compare with [30,
Definition 4.4 and Corollary 4.5].
Corollary 4.6. Let fi be a Lipschitz function on BR(mi) for every i ≤ ∞ with
supi≤∞ Lipfi <∞ and fi → f∞ on BR(m∞). Then we have the following:
(1) If {|dfi|
2}i≤∞ is upper semicontinuous at z∞ ∈ BR(m∞), then dfi converges strongly
to df∞ at z∞.
(2) If fi ∈ C
2(BR(mi)) holds for every i <∞ with supi<∞ ||∆fi||L1(BR(mi)) <∞, then
dfi converges strongly to df∞ on BR(m∞).
Proof. (1) is a direct consequence of Corollary 4.5. (2) follows from (1) and [30,
Proposition 4.9]. 
The assumption of uniform L1-bounds as in (2) of Corollary 4.6 is sharp in the following
sense:
Remark 4.7. Let gn be a smooth function on R as in Remark 3.10 and
Gn(t) :=
∫ t
0
gn(s)ds
on (0, 1). Then it is easy to check the following:
(1) supn∈N LipGn <∞.
(2) Gn → 0 on (0, 1).
(3) ||∆Gn||L1((0,1)) →∞.
(4) dGn converges weakly to 0 on (0, 1).
(5) For every t ∈ (0, 1), dGn dose NOT converges strongly to 0 at t.
Remark 4.8. Let hn be a smooth function on [0, 1] satisfying that hn|[1/n+1/n2,1] ≡ 0,
|hn| ≤ 1, |∇hn| ≤ n and that hn(s) = −ns + 1 holds for every s ∈ [0, 1/n]. Put
Hn(t) :=
∫ t
0
hn(s)ds
on (0, 1). Then it is easy to check the following:
(1) supn<∞(LipHn + ||Hn||L∞ + ||∆Hn||L1((0,1))) <∞
(2) Hn → 0 on (0, 1).
(3) ||∆Hn||Lp((0,1)) →∞ for every p > 1.
(4) dHn converges strongly to 0 on (0, 1).
We now give a compactness result about Sobolev functions with respect to the Gromov-
Hausdorff topology. Compare with Proposition 3.39.
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Theorem 4.9. Assume p < ∞. Let hi ∈ H1,p(BR(mi)) for every i < ∞ with
supi<∞ ||hi||H1,p < ∞. Then there exist h∞ ∈ H1,p(BR(m∞)) and a subsequence {hi(j)}j
of {hi}i such that hi(j) L
p-converges strongly to h∞ on BR(m∞) and that dhi(j) converges
weakly to dh∞ on BR(m∞). In particular lim infj→∞ ||dhi(j)||Lp ≥ ||dh∞||Lp.
Proof. Let T := supi<∞ ||hi||H1,p. Proposition 3.39 yields that there exist h∞ ∈
Lp(BR(m∞)) and a subsequence {hi(j)}j of {hi}i such that hi(j) L
p-converges strongly to
h∞ on BR(m∞).
Claim 4.10. Let r > 0 and z∞ ∈ BR(m∞) with B5r(z∞) ⊂ BR(m∞). Then we see that
h∞|Br(z∞) ∈ H1,p(Br(z∞)) and that dhi(j) converges weakly to dh∞ on Br(z∞).
The proof is as follows. Proposition 3.38 yields that for every j < ∞ and every
L ≥ 1, there exists an L-Lipschitz function (hi(j))L on Br(zi(j)) such that ||hi(j) −
(hi(j))L||Lp(Br(zi(j))) ≤ Ψ(L
−1;n,R, T ) and ||(hi(j))L||H1,p ≤ C(n,R, T ), where zi(j) → z∞.
By Proposition 3.3, without loss of generality we can assume that there exists an L-
Lipschitz function (h∞)L on Br(z∞) such that (hi(j))L → (h∞)L on Br(z∞). Corol-
lary 4.5 yields that ||(h∞)L||H1,p ≤ lim infj→∞ ||(hi(j))L||H1,p ≤ C(n,R, T ) and ||h∞ −
(h∞)L||Lp(Br(z∞)) = limj→∞ ||hi(j) − (hi(j))L||Lp(Br(zi(j))) ≤ Ψ(L
−1;n,R, T ) hold. Thus by
letting L → ∞, we have h∞ ∈ H1,p(Br(z∞)). Then Claim 4.10 follows directly from
Corollary 4.5.
By Claim 4.10, for every r < R it is easy to check that h∞|Br(m∞) ∈ H1,p(Br(m∞))
and that dhi(j) converges to dh∞ on Br(m∞). On the other hand, Corollary 4.5 yields
||dh∞||Lp(Br(m∞)) ≤ lim infj→∞ ||dhi(j)||Lp(BR(m∞)) for every r < R. In particular, we have
||dh∞||Lp(BR(m∞)) <∞. Note that
1
υ(Bt(x))
∫
Bt(x)
∣∣∣∣h∞ − 1υ(Bt(x))
∫
Bt(x)
h∞dυ
∣∣∣∣dυ ≤ tC(n,R)
(
1
υ(Bt(x))
∫
Bt(x)
|dh∞|
pdυ
)1/p
holds for every Bt(x) ⊂ BR(m∞). Thus (the proof of) [28, Theorem 1.1] yields h∞ ∈
H1,p(BR(m∞)). Therefore we have the assertion. 
Remark 4.11. As a corollary of Theorem 4.9 we have the following: Define Epi :
Lp(BR(mi))→ R≥0 ∪ {∞} by
Epi (f) :=
∫
BR(mi)
|df |pdvol
if f ∈ H1,p(BR(mi)), E
p
i (f) ≡ ∞ if otherwise. Then E
p
i compactly converges to E
p
∞ in the
sense of Kuwae-Shioya (see [40, Definition 4.5] for the precise definition). Kuwae-Shioya
proved this result for the case p = 2. See [40, Corollary 6.3].
We end this subsection by giving the following ‘Sobolev-embedding’ type theorem:
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Theorem 4.12. Assume p < ∞. Let fi ∈ H1,p(BR(mi)) for every i ≤ ∞ with
supi ||fi||H1,p(BR(mi)) < ∞. If fi, dfi L
p-converge strongly to f∞, df∞ on BR(m∞), re-
spectively, then fi L
pˆ-converges strongly to f∞ on BR(m∞) for some pˆ := pˆ(n,R, p) > p.
Proof. Let r < R and L := supi ||fi||H1,p(BR(mi)). Since the space of locally Lipschitz
functions on BR(m∞) in H1,p(BR(m∞)) is dense in H1,p(BR(m∞)), by [30, Theorem 4.2],
without loss of generality we can assume that there exists a sequence {fˆi}i<∞ of Lipschitz
functions fˆi on Br(mi) such that fˆi, dfˆi L
p-converge strongly to f∞|Br(m∞), d(f∞|Br(m∞))
on Br(m∞), respectively. Then the Poincare´ inequality of type (1, p) yields that
1
volBt(xi)
∫
Bt(xi)
∣∣∣∣fi − fˆi − 1volBt(xi)
∫
Bt(xi)
(fi − fˆi)dvol
∣∣∣∣ dvol
≤ tC(n,R)
(
1
volBt(xi)
∫
Bt(xi)
|∇fi −∇fˆi|
pdvol
)1/p
holds for every i, every xi ∈ Br(mi) and every t > 0 with Bt(xi) ⊂ Br(mi). Thus the
Poincare´-Sobolev inequality [27, Theorem 1] yields(
1
volBr(mi)
∫
Br(mi)
∣∣∣∣fi − fˆi − 1volBr(mi)
∫
Br(mi)
(fi − fˆi)dvol
∣∣∣∣
p˜
dvol
)1/p˜
≤ C(n,R, p)
(
1
volBr(mi)
∫
Br(mi)
|∇fi −∇fˆi|
pdvol
)1/p
for some p˜ := p˜(n,R, p) > p. Thus by letting i→∞, we see that fi L
p˜-converges strongly
to f∞ onBr(m∞). Note that an argument similar to that above yields supi ||fi||Lp˜(BR(mi)) ≤
C(n, p, R, L). Let pˆ := pˆ(n,R, p) with p < pˆ < p˜. Then the Ho¨lder inequality yields
||fi||Lpˆ(BR(mi)) = ||fi||Lpˆ(Br(mi))±Ψ(R−r;n,R, L, p) for every i. Thus we have limi→∞ ||fi||Lpˆ(BR(mi)) =
||f∞||Lpˆ(BR(m∞)). Therefore Proposition 3.31 yields the assertion. 
4.2. p-Laplacian. In this subsection we discuss a convergence of p-Laplacians with re-
spect to the Gromov-Hausdorff topology. We will always consider the following setting
similar to that in subsection 4.1: (M∞, m∞, υ) is the Ricci limit space of {(Mi, mi, vol)}i
with M∞ 6= {m∞}, R > 0, 1 < p <∞ and q is the conjugate exponent of p.
Proposition 4.13. Let r, s ∈ Z≥0 and Ti ∈ L
p(T rsBR(mi)) for every i ≤ ∞ with
supi≤∞ ||Ti||Lp < ∞. Assume that Ti L
p-converges strongly to T∞ on BR(m∞). Then
T
(p−1)
i L
q-converges strongly to T
(p−1)
∞ on BR(m∞).
Proof. For Lˆ > 0, let KLˆ be as in the proof of Proposition 3.72. Let x∞ ∈ KLˆ
satisfying that
lim
r→0
1
υ(Br(x∞))
∫
Br(x∞)
∣∣|T∞|p−1 − (|T∞|(x∞))p−1∣∣ dυ = 0
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holds. Let c := |T∞|(x∞). For every ǫ > 0 there exists r0 = r0(ǫ) > 0 such that
1
υ(Bt(x∞))
∫
Bt(x∞)
∣∣|T∞|p−1 − cp−1∣∣ dυ < ǫ
holds for every t < r0. Fix ǫ > 0 and t < r0(ǫ). Since |Ti|
p−1 Lpˆ-converges strongly to
|T∞|
p−1 on BR(m∞), where pˆ := p/(p− 1) > 1, we see that
1
volBt(xi)
∫
Bt(xi)
∣∣|Ti|p−1 − cp−1∣∣ dvol < ǫ
holds for every sufficiently large i, where xi → x∞. Let {xl,i}1≤l≤r+s,i≤∞ be a collection
of xl,i ∈Mi with xl,i → xl,∞. If c = 0, then
∣∣∣∣∣ 1volBt(xi)
∫
Bt(xi)
〈
T
(p−1)
i ,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol
∣∣∣∣∣ ≤ 1volBt(xi)
∫
Bt(xi)
|Ti|
p−1dvol < ǫ
holds for every sufficiently large i ≤ ∞. In particular T
(p−1)
i converges weakly to T
(p−1)
∞
at x∞.
Next we assume c 6= 0. Let A(t, i) := {y ∈ Bt(xi); ||Ti(y)|
p−1 − cp−1| < ǫ1/2}. Then we
see that volA(t, i)/volBt(xi) ≥ 1 − ǫ
1/2 holds for every sufficiently large i ≤ ∞. On the
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other hand, the Ho¨lder inequality yields that
1
volBt(xi)
∫
Bt(xi)
〈
T
(p−1)
i ,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol
=
1
volBt(xi)
∫
A(t,i)
〈
T
(p−1)
i ,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol
±
(
vol(Bt(xi) \ A(t, i))
volBt(xi)
)1/qˆ (
1
volBt(xi)
∫
Bt(xi)
|Ti|
pdvol
)1/pˆ
=
1
volBt(xi)
∫
A(t,i)
〈
T
(p−1)
i ,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol±Ψ(ǫ;n, Lˆ, c, p)
=
1
volBt(xi)
∫
A(t,i)
cp−2
〈
Ti,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol±Ψ(ǫ;n, Lˆ, c, p)
=
1
volBt(xi)
∫
Bt(xi)
cp−2
〈
Ti,
r⊗
l=1
∇rxl,i ⊗
r+s⊗
l=r+1
drxl,i
〉
dvol±Ψ(ǫ;n, Lˆ, c, p)
=
1
υ(Bt(x∞))
∫
Bt(x∞)
cp−2
〈
Ti,
r⊗
l=1
∇rxl,∞ ⊗
r+s⊗
l=r+1
drxl,∞
〉
dυ ±Ψ(ǫ;n, Lˆ, c, p)
=
1
υ(Bt(x∞))
∫
A(t,∞)
cp−2
〈
T∞,
r⊗
l=1
∇rxl,∞ ⊗
r+s⊗
l=r+1
drxl,∞
〉
dυ ±Ψ(ǫ;n, Lˆ, c, p)
=
1
υ(Bt(x∞))
∫
Bt(x∞)
〈
T (p−1)∞ ,
r⊗
l=1
∇rxl,∞ ⊗
r+s⊗
l=r+1
drxl,∞
〉
dυ ±Ψ(ǫ;n, Lˆ, c, p)
holds for every sufficiently large i <∞, where qˆ is the conjugate exponent of pˆ. Thus we
see that T
(p−1)
i converges weakly to T
(p−1)
∞ at x∞. Therefore Corollary 3.49 yields that
T
(p−1)
i converges weakly to T
(p−1)
∞ on BR(m∞). On the other hand, since
lim
i→∞
∫
BR(mi)
|T
(p−1)
i |
qdvol = lim
i→∞
∫
BR(mi)
|Ti|
pdvol
=
∫
BR(m∞)
|T∞|
pdυ =
∫
BR(m∞)
|T (p−1)∞ |
qdυ,
the assertion follows from Propositions 3.66. 
Remark 4.14. Note that in general the Lp-weak convergence Ti → T∞ on BR(m∞)
does NOT imply the Lq-weak convergence T
(p−1)
i → T
(p−1)
∞ on BR(m∞). For example
let gn be a smooth function on R as in Remark 3.10 and gˆn := gn + 1. Then since
gˆ
(2)
n = (gn)
2+2gn+1, Remark 3.10 yields that gˆ
(2)
n converges weakly to 1/3+1 = 4/3( 6= 1)
on R.
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For f ∈ H1,p(BR(m∞)) with (∇f)
(p−1) ∈ Dq(divυ, BR(m∞)), let ∆
υ
pf := −div
υ(∇f)(p−1) ∈
Lq(BR(m∞)).
Theorem 4.15. Let fi ∈ H1,p(BR(mi)) for every i ≤ ∞ with supi≤∞ ||fi||H1,p <∞. As-
sume that (∇fi)
(p−1) ∈ Dq(divυ, BR(mi)) holds for every i <∞ with supi<∞ ||∆
vol
p fi||Lq(BR(mi)) <
∞ and that fi,∇fi L
p-converge strongly to f∞,∇f∞ on BR(m∞), respectively. Then we
see that (∇f∞)
(p−1) ∈ Dq(divυ, BR(m∞)) and that ∆
vol
p fi converges weakly to ∆
υ
pf∞ on
BR(m∞).
Proof. The assertion follows from Theorem 4.1 and Proposition 4.13. 
We now are in a position to prove Theorem 1.6:
A proof of Theorem 1.6.
We start by introducing the following claim proved by Wu-Wang-Zheng in [59]:
Claim 4.16. [59, Lemma 2.2] Let (X, ν) ∈ M(n, d,K) and f ∈ H1,p(X). Then for
t ∈ R the following two conditions are equivalent:
(1) ||f + t||Lp = mins∈R ||f + s||Lp.
(2) ∫
X
(f + t)(p−1)dν = 0.
Moreover there exists a unique s0 ∈ R such that ||f + s0||Lp = mins∈R ||f + s||Lp.
Denote s0 as above by s(f,X). As a corollary, we see that the set{
f ∈ H1,p(X); f 6≡ 0,
∫
X
f (p−1)dν = 0
}
is not empty if X is not a single point.
Claim 4.17. Let (X, ν) ∈ M(n, d,K). Assume that X is not a single point. Then
there exists f ∈ H1,p(X) such that ||f ||Lp = 1, ||∇f ||
p
Lp = λ1,p(X) > 0 and∫
X
f (p−1)dν = 0.
The proof is as follows. Let {fi}i<∞ ⊂ H1,p(X) satisfying that ||fi||Lp ≡ 1, ||∇fi||
p
Lp →
λ1,p(X) and ∫
X
f
(p−1)
i dν ≡ 0.
By Theorem 4.9, without loss of generality we can assume that there exists f ∈ H1,p(X)
such that fi L
p-converges strongly to f on X and that ∇fi converges weakly to ∇f
on X . Thus we have ||f ||Lp = limi→∞ ||fi||Lp = 1. Proposition 4.13 yields that f
(p−1)
i
Lq-converges strongly to f (p−1) on X . In particular we have∫
X
f (p−1)dν = lim
i→∞
∫
X
f
(p−1)
i dν = 0.
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Thus by the definition of λ1,p(X), we have ||∇f ||
p
Lp ≥ λ1,p(X). On the other hand,
Proposition 3.64 yields lim inf i→∞ ||∇fi||Lp ≥ ||∇f ||Lp. Thus we have ||∇f ||
p
Lp = λ1,p(X).
Finally we will prove λ1,p(X) > 0. Assume λ1,p(X) = 0. Then since ||∇f ||Lp = 0, the
Poincare´ inequality yields that f is a constant function. However since
||f ||Lp = 1 and
∫
X
f (p−1)dν = 0,
this is a contradiction. Therefore we have Claim 4.17.
Let {(Xi, νi)}i≤∞ ⊂ M(n, d,K). Assume that (Xi, νi) ∈ M(n, d,K) for every i < ∞
and that (Xi, νi) Gromov-Hausdorff converges to (X∞, ν∞). It suffices to check limi→∞ λ1,p(Xi) =
λ1,p(X∞).
If X∞ is a single point, then Naber-Valtorta’s sharp estimates [46, Theorem 1.4] (or
the proof of Corollary 4.19) yields λ1,p(Xi) → ∞ = λ1,p(X∞). Thus we assume that X∞
is not a single point.
First we will check lim supi→∞ λ1,p(Xi) ≤ λ1,p(X∞). Let f∞ ∈ H1,p(X∞) satisfying that
||f∞||Lp = 1, ||∇f∞||
p
Lp = λ1,p(X∞) and∫
X∞
f (p−1)∞ dν∞ = 0.
Since the space of Lipschitz functions on X∞ is dense in H1,p(X∞), by [30, Theorem 4.2]
without loss of generality, we can assume that there exists a sequence {fi}i<∞ of Lipschitz
functions fi on Xi such that fi,∇fi L
p-converge strongly to f∞,∇f∞ on X∞, respectively.
Then we have |s(fi, Xi)| = ||s(fi, Xi)+fi−fi||Lp ≤ ||s(fi, Xi)+fi||Lp+||fi||Lp ≤ 2||fi||Lp ≤
3 for every sufficiently large i < ∞. Therefore without loss of generality we can assume
that there exists s∞ ∈ R such that s(fi, Xi)→ s∞.
Claim 4.18. s∞ = 0.
The proof is as follows. Since s(fi, Xi) is the minimizer, we have ||fi + s(fi, Xi)||Lp ≤
||fi||Lp. Letting i→∞ gives ||f∞ + s∞||Lp ≤ ||f∞||Lp. Since∫
X∞
f (p−1)∞ dν∞ = 0,
Claim 4.16 yields ||f∞||Lp ≤ ||f∞ + s∞||Lp. Thus by the uniqueness of the minimizer as
in Claim 4.16, we have Claim 4.18.
By Claim 4.18, we have
lim sup
i→∞
λ1,p(Xi) ≤ lim
i→∞
||∇(fi + s(fi, Xi))||
p
Lp
||fi + s(fi, Xi)||
p
Lp
=
||∇f∞||
p
Lp
||f∞||
p
Lp
= λ1,p(X∞).
Next we will show lim inf i→∞ λ1,p(Xi) ≥ λ1,p(X∞). For every i < ∞, let gi ∈ H1,p(Xi)
satisfying that ||gi||Lp = 1, ||∇gi||
p
Lp = λ1,p(Xi) and∫
Xi
g
(p−1)
i dνi = 0.
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Since lim supi→∞ λ1,p(Xi) ≤ λ1,p(X∞) < ∞, by Theorem 4.9 without loss of generality
we can assume that there exists g∞ ∈ H1,p(X∞) such that gi L
p-converges strongly to
g∞ on X∞ and that ∇gi converges weakly to ∇g∞ on X∞. Thus we have ||g∞||Lp =
limi→∞ ||gi||Lp = 1. Proposition 4.13 yields that g
(p−1)
i L
q-converges strongly to g
(p−1)
∞ on
X∞. In particular we have∫
X∞
g(p−1)∞ dν∞ = lim
i→∞
∫
Xi
g
(p−1)
i dνi = 0.
Thus we have ||∇g∞||
p
Lp ≥ λ1,p(X∞). On the other hand, Proposision 3.64 yields
lim inf
i→∞
λ1,p(Xi) = lim inf
i→∞
||∇gi||
p
Lp ≥ ||∇g∞||
p
Lp ≥ λ1,p(X∞).
Therefore we have the assertion. 
We end this subsection by giving the following two-sided bounds for λ1,p. It is worth
pointing out that in [44, 46, 56], Matei, Naber-Valtorta, and Valtorta give the sharp lower
bounds on λ1,p. See also [36, 43, 54, 57, 59, 60].
Corollary 4.19. Let K ∈ R and let M be an n-dimensional compact Riemannian
manifold with
(diamM)2RicM ≥ (n− 1)K.
Then
0 < C1(n, p,K) ≤
λ1,p(M)
(diamM)p
≤ C2(n, p,K) <∞.
Proof. Let
C1(n, p,K) := min
X∈M(n,1,K)\M(n,1/2,K)
λ1,p(X) and C2(n, p, κ) := max
X∈M(n,1,K)\M(n,1/2,K)
λ1,p(X).
For a rescaled metric (diamM)−2gM , since (M, (diamM)
−2gM , vol) ∈M(n, 1, K)\M(n, 1/2, K),
we have C1(n, p,K) ≤ λ1,p(M, (diamM)
−2gM) ≤ C2(n, p,K). Since λ1,p(M, (diamM)
−2gM) =
(diamM)−pλ1,p(M, gM), we have the assertion. 
4.3. Convergence of Hessians. In this subsection we will prove Theorem 1.3. Through-
out this subsection we will always consider the following setting:
(1) (M∞, m∞, υ) is the Ricci limit space of {(Mi, mi, vol)}i with M∞ 6= {m∞}, and
R > 0.
(2) A2nd is a weakly second order differential structure on (M∞, υ) associated with
{(Mi, mi, vol)}i.
The following is a generalization of [30, Corollary 4.6]. Compare with Theorem 4.15:
Proposition 4.20. Let 1 < p < ∞, fi ∈ H1,p(BR(mi)) for every i < ∞ with
supi<∞ ||fi||H1,p <∞, and f∞ ∈ L
p(BR(m∞)). Assume that fi converges weakly to f∞ on
BR(m∞) and that∇fi ∈ D
p(divvol, BR(mi)) holds for every i <∞ with supi<∞ ||div
vol∇fi||Lp <
∞. Then we have the following:
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(1) fi L
p-converges strongly to f∞ on BR(m∞).
(2) f∞ ∈ H1,p(BR(m∞)) and ∇f∞ ∈ D
p(divυ, BR(m∞)).
(3) ∇fi, div
vol∇fi converge weakly to ∇f∞, div
υ∇f∞ on BR(m∞), respectively.
In particular if p ≥ 2, then f∞ ∈ D
2(∆υ, BR(m∞)) and ∆
υf∞ = −div
υ∇f∞.
Proof. It follows directly from Theorems 4.1 and 4.9. 
Remark 4.21. We recall a continuity of eigenfunctions with respect to the Gromov-
Hausdorff topology. Let φ∞ be an eigenfunction associated with the eigenvalue λ∞ with
respect to the Dirichlet problem on BR(m∞). Then there exist {λi}i ⊂ R>0 and a
sequence {φi}i<∞ of eigenfunctions φi ∈ C
∞(BR(mi)) associated with the eigenvalues λi
with respect to the Dirichlet problems on BR(mi) such that λi → λ∞ and that φi L
2-
converges strongly to φ∞ on BR(m∞). In particular we see that ∆φi L
2-converges strongly
to ∆υφ∞ on BR(m∞). See [10, Theorem 7.11], [18, Lemma 5.17] and [38, Lemma 5.8] for
the details. Note that in [31] these results played crucial roles to get Theorem 2.14. See
also [18, 32, 33, 34, 35] for a convergence of heat kernels.
We now are in a position to prove Theorem 1.3:
A proof of Theorem 1.3.
Without loss of generality we can assume K = −1. Proposition 4.20 yields (1), f∞ ∈
D2(∆υ, BR(m∞)), (6) and that ∇fi converges weakly to ∇f∞ on BR(m∞).
Claim 4.22. Let R > 0, L > 0, and let (M,m) be a pointed n-dimensional com-
plete Riemannian manifold with RicM ≥ −(n − 1), and f a C
2-function on BR(m) with
||f ||H1,2(BR(m))+ ||∆f ||L2(BR(m)) ≤ L. Then for every r < R we see that ||∇f ||L2p0(Br(m))+
||Hessf ||L2(Br(m)) ≤ C(L, n, r, R) holds for some p0 := p0(n,R) > 1.
The proof is as follows. Let r > 0 with r < R. Since |∇|∇f |2| ≤ 2|Hessf ||∇f | ≤
|Hessf |
2 + |∇f |2, the Poincare´ inequality of type (1, 1) (see for instance [10, Theorem
2.15]) yields that
1
volBt(x)
∫
Bt(x)
∣∣∣∣|∇f |2 − 1volBt(x)
∫
Bt(x)
|∇f |2dvol
∣∣∣∣ dvol
≤ tC(n,R)
1
volBt(x)
∫
Bt(x)
(
|Hessf |
2 + |∇f |2
)
dvol
holds for every Bt(x) ⊂ Br(m). Thus the Poincare´-Sobolev inequality [27, Theorem 1]
yields that there exists p0 := p0(n,R) > 1 such that p0 < 2 and(
1
volBr(m)
∫
Br(m)
∣∣∣∣|∇f |2 − 1volBr(m)
∫
Br(m)
|∇f |2dvol
∣∣∣∣
p0
dvol
)1/p0
≤ rC(n,R)
1
volBr(m)
∫
Br(m)
(
|Hessf |
2 + |∇f |2
)
dvol
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hold. On the other hand, by an argument similar to that in [30, Remark 4.2], we have
||Hessf ||L2(Br(m)) ≤ C(L, n, r, R). Thus we have Claim 4.22.
Claim 4.23. Let f be as in Claim 4.22, ǫ > 0, r < R and φ ∈ C0(BR(m)) satisfying
that 0 ≤ φ ≤ 1, φ|Br−ǫ(m) ≡ 1 and supp(φ) ⊂ Br(m). Then we have∣∣∣∣
∫
Br(m)
φ|∇f |2dvol−
∫
Br(m)
|∇f |2dvol
∣∣∣∣ < Ψ(ǫ;L, n, r, R).
Because the Ho¨lder inequality and Claim 4.22 yield∣∣∣∣
∫
Br(m)
φ|∇f |2dvol−
∫
Br(m)
|∇f |2dvol
∣∣∣∣ ≤ ||1− φ||Lq0(Br(m))||∇f ||2L2p0(Br(m)) ≤ Ψ(ǫ;L, n, r, R),
where q0 is the conjugate exponent of p0.
Let ǫ > 0, r < R, L := supi<∞(||fi||H1,2(BR(mi))+||∆fi||L2(BR(mi))) and let φi be a C(ǫ, r)-
Lipschitz function on Mi for every i ≤ ∞ satisfying that 0 ≤ φi ≤ 1, φi|Br−ǫ(mi) ≡ 1,
supp(φi) ⊂ Br(mi) and φi → φ∞ on M∞.
Claim 4.24. We have
lim
i→∞
∫
Br(mi)
φi|∇fi|
2dvol =
∫
Br(m∞)
φ∞|∇f∞|
2dυ.
The proof is as follows. Since φi∇fi converges weakly to φ∞∇f∞ on Br(m∞), Propo-
sition 3.27, Theorem 4.1 and Remark 4.3 yield∫
Br(mi)
φi|∇fi|
2dvol = −
∫
Br(mi)
fidiv
vol(φi∇fi)dvol→ −
∫
Br(m∞)
f∞div
υ(φ∞∇f∞)dυ
=
∫
Br(m∞)
φ∞|∇f∞|
2dυ.
For every sufficiently large i <∞, Claims 4.23 and 4.24 yield∫
Br(mi)
|∇fi|
2dvol ≤
∫
Br(mi)
φi|∇fi|
2dvol + Ψ(ǫ;L, n, r, R)
=
∫
Br(m∞)
φ∞|∇f∞|
2dυ +Ψ ≤
∫
Br(m∞)
|∇f∞|
2dυ +Ψ.
Since ǫ is arbitrary, we have lim supi→∞ ||∇fi||L2(Br(mi)) ≤ ||∇fi||L2(Br(m∞)). Therefore
Proposition 3.66 yields that ∇fi L
2-converges strongly to ∇f∞ on Br(m∞). In particular,
|∇fi|
2 converges weakly to |∇f∞|
2 on Br(m∞).
Let p1 := p1(n,R) > 1 with p1 < p0 and p1/(2 − p1) < p0. Then Young’s inequality
yields
|∇|∇fi|
2|p1 ≤ 2p1|Hessfi |
p1|∇fi|
p1 ≤ 2p1
(
p1
2
|Hessfi|
2 +
2− p1
2
|∇fi|
2p1/(2−p1)
)
.
Thus by Claim 4.22 we have ||∇|∇fi|
2||Lp1(Br(mi)) ≤ C(n, r, R, L) for every i <∞. There-
fore Theorem 4.9 yields (4), (5) and that |∇fi|
2 Lp1-converges strongly to |∇f∞|
2 on
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Br(m∞). In particular ||∇fi||L2p1(Br(mi)) → ||∇f∞||L2p1(Br(m∞)). Therefore by Proposition
3.66 we see that ∇fi L
2p1-converges strongly to ∇f∞ on Br(m∞). Thus Theorems 4.9
and 4.12 yield (2) and (3).
Let w∞ ∈ BR(m∞), t > 0 with Bt(w∞) ⊂ BR(m∞), wi → w∞ and let gi, hi be
Lipschitz functions on Bt(wi) for every i ≤ ∞ with supi≤∞(Lipgi + Liphi) < ∞ sat-
isfying that gi, hi ∈ C
2(Bt(wi)) hold for every i < ∞ with supi<∞(||∆gi||L2(Bt(wi)) +
||∆hi||L2(Bt(wi))) < ∞ and that gi, hi → g∞, h∞ on Bt(w∞), respectively. (4) yields
〈df∞, dg∞〉 ∈ H1,p1(Bs(w∞)) for every s < t. In particular, 〈df∞, dg∞〉 is weakly Lips-
chitz. Thus f∞ is weakly twice differentiable on BR(m∞) with respect to A2nd, i.e., we
have (7). Claim 4.22 yields supi<∞ ||〈∇gi,∇hi〉||H1,2(Bs(wi)) < ∞ for every s < t. Thus
(3), (5) and Proposition 3.61 give
lim
i→∞
∫
Bs(wi)
〈∇fi,∇〈∇gi,∇hi〉〉 dvol =
∫
Bs(w∞)
〈∇f∞,∇〈∇g∞,∇h∞〉〉 dυ
for every s < t. Similarly, (5), Propositions 3.47 and 3.61 yield that
lim
i→∞
∫
Bs(wi)
〈∇gi,∇〈∇fi,∇hi〉〉 dvol =
∫
Bs(w∞)
〈∇g∞,∇〈∇f∞,∇h∞〉〉 dυ
and
lim
i→∞
∫
Bs(wi)
〈∇hi,∇〈∇gi,∇fi〉〉 dvol =
∫
Bs(w∞)
〈∇h∞,∇〈∇g∞,∇f∞〉〉 dυ
hold for every s < t. Since
2〈∇∇gi∇fi,∇hi〉 = 〈∇gi,∇〈∇fi,∇hi〉〉+ 〈∇hi,∇〈∇gi,∇fi〉〉 − 〈∇fi,∇〈∇gi,∇hi〉〉,
we see that Hessfi(∇gi,∇hi) converges weakly to Hessf∞(∇g∞,∇h∞) on Bs(w∞) for every
s < t. Thus (8) and (9) follow from Remark 3.54 and Proposition 3.71. 
Remark 4.25. We now give a remark about L2-bounds of the gradient of a C2-function
on a manifold: Let L > 0, R > 0, and let (M,m) be a pointed n-dimensional com-
plete Riemannian manifold with RicM ≥ −(n − 1), and f a C
2-function on BR(m) with
||f ||L2(BR(m)) + ||∆f ||L2(BR(m)) ≤ L. Then for every r < R we have ||∇f ||L2(Br(m)) ≤
C(n, L, r, R).
The proof is as follows. By [7, Theorem 6.33], there exists a smooth function φ on M
such that 0 ≤ φ ≤ 1, φ|Br(m) ≡ 1, supp(φ) ⊂ BR(m) and |∆φ| + |∇φ| ≤ C(n, r, R) hold.
Then we have∫
Br(m)
|df |2dvol ≤
∫
BR(m)
|d(φf)|2dvol =
∫
BR(m)
φf∆(φf)dvol
=
∫
BR(m)
(
−
1
2
〈dφ2, df 2〉+ f 2φ∆φ+ φ2f∆f
)
dvol
≤ −
1
2
∫
BR(m)
f 2∆φ2dvol + C(n, L, r, R) ≤ C(n, L, r, R).
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By Theorem 1.3 it is not difficult to check the following:
Corollary 4.26. Let f 1i , f
2
i ∈ L
2(BR(mi)) for every i ≤ ∞. Assume that f
1
i , f
2
i ∈
C2(BR(mi)) hold for every i <∞ with supj∈{1,2},i<∞(||f
j
i ||L2(BR(mi)) + ||∇f
j
i ||L∞(BR(mi)) +
||∆f ji ||L2(BR(mi))) <∞ and that f
j
i converges weakly to f
j
∞ on BR(m∞) for every j = 1, 2.
Then we have the following:
(1) supi≤∞(||[∇f
1
i ,∇f
2
i ]||L2(Br(mi))+||∇∇f1i∇f
2
i ||L2(Br(mi))) <∞ holds for every r < R.
(2) ∇∇f1i∇f
2
i , [∇f
1
i ,∇f
2
i ] converge weakly to ∇∇f1∞∇f
2
i , [∇f
1
∞,∇f
2
∞] on Br(m∞) for
every r < R, respectively.
The following corollary is about an existence of a good cutoff function on M∞ which is
a generalization of [7, Theorem 6.33] to limit spaces:
Corollary 4.27. Let r > 0 with r < R. Then there exists a C(n, r, R)-Lipschitz
function φˆ∞ on M∞ such that 0 ≤ φˆ∞ ≤ 1, φˆ∞|Br(m∞) ≡ 1, supp(φˆ∞) ⊂ BR(m∞), φˆ∞ ∈
D(∆υ,M∞) and that φˆ∞ is weakly twice differentiable on M∞ with ||Hessφˆ∞||L2(M∞) +
||∆υφˆ∞||L∞(M∞) ≤ C(n, r, R).
Proof. [7, Theorem 6.33] and [30, Remark 4.2] yield that for every i <∞ there exists
a smooth C(n, r, R)-Lipschitz function φˆi on Mi such that 0 ≤ φˆi ≤ 1, φˆi|Br(mi) ≡ 1,
supp(φˆi) ⊂ BR(mi), φˆi ∈ D(∆
υ,Mi) and ||Hessφˆi||L2(Mi) + ||∆φˆi||L∞(Mi) ≤ C(n, r, R). By
Proposition 3.3, without loss of generality we can assume that there exists a C(n, r, R)-
Lipschitz function φˆ∞ onM∞ such that φˆi → φˆ∞ onM∞. Then Theorem 1.3, Propositions
3.64 and 4.20 yield that φˆ∞ satisfies the desired conditions. 
4.4. A Bochner-type inequality for general case. We now give a proof of Theorem
1.4:
A proof of Theorem 1.4.
Let τ > 0 with supp(φ∞) ⊂ BR−2τ (m∞), L := Lipφ∞ + ||φ∞||L∞ , and ǫ > 0 with
ǫ << τ . [30, Theorem 4.2] yields that for every i ≤ ∞ and every j < ∞, there exist
a C(n, L)-Lipschitz function φi,j on BR(mi) and an open subset Ωj ⊂ BR(m∞) such
that supp(φi,j) ⊂ BR−τ (mi), (φi,j, dφi,j) → (φ∞,j, dφ∞,j) on Ωj as i → ∞, υ(BR(m∞) \
Ωj) < j
−1 and that ||φ∞,j − φ∞||L∞(BR(m∞)) + ||dφ∞,j − dφ∞||L2(BR(m∞)) → 0 as j → ∞.
[7, Theorem 6.33] yields that for every j < ∞ there exists a smooth C(n, τ)-Lipschitz
function φˆj on Mj such that ||∆φˆj||L∞ ≤ C(n, τ, R), 0 ≤ φˆj ≤ 1, φˆj|BR−2τ (mj ) ≡ 1 and
supp(φˆj) ⊂ BR−τ (mj). Note that there exists ǫj → 0 such that for every j, there exists
j0 such that φi,j + ǫjφˆi ≥ 0 holds on BR(mi) for every i ≥ j0. Let gi,j := φi,j + ǫjφˆi.
Then Propositions 3.19 and 3.50 yield that there exists a subsequence {i(j)}j such that
gi(j),j ≥ 0 and that (gi(j),j, dgi(j),j) → (φ∞, dφ∞) on BR(m∞). Let φi(j) := gi(j),j. Then
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Bochner’s formula yields
−
1
2
∫
BR(mi(j))
〈dφi(j), d|dfi(j)|
2〉dvol ≥
∫
BR(mi(j))
φi(j)|Hessfi(j) |
2dvol
+
∫
BR(mi(j))
(
−φi(j)(∆fi(j))
2 +∆fi(j)〈dφi(j), dfi(j)〉
)
dvol
+K(n− 1)
∫
BR(mi(j))
φi(j)|dfi(j)|
2dvol.
(5) of Theorem 1.3 and Proposition 3.61 yield
lim
j→∞
∫
BR(mi(j))
〈dφi(j), d|dfi(j)|
2〉dvol =
∫
BR(m∞)
〈dφ∞, d|df∞|
2〉dυ.
(9) of Theorem 1.3, Propositions 3.11 and 3.48 yield that (φi(j))
1/2Hessfi(j) converges
weakly to (φ∞)
1/2Hessf∞ on BR(m∞). In particular by Proposition 3.64 we have
lim inf
j→∞
∫
BR(mi(j))
φi(j)|Hessfi(j) |
2dvol ≥
∫
BR(m∞)
φ∞|Hessf∞|
2dυ.
On the other hand, Proposition 3.11 and Corollary 3.26 yield that (φi(j))
1/2∆fi(j) L
2-
converges strongly to (φ∞)
1/2∆υf∞ on BR(m∞). In particular we have
lim
j→∞
∫
BR(mi(j))
φi(j)(∆fi(j))
2dvol =
∫
BR(m∞)
φ∞(∆
υf∞)
2dυ.
(3) of Theorem 1.3 and Proposition 3.27 yield that
lim
j→∞
∫
BR(mi(j))
∆fi(j)〈dφi(j), dfi(j)〉dvol =
∫
BR(m∞)
∆υf∞〈dφ∞, df∞〉dυ
and
lim
j→∞
∫
BR(mi(j))
φi(j)|dfi(j)|
2dvol =
∫
BR(m∞)
φ∞|df∞|
2dυ
hold. Thus we have the assertion. 
Remark 4.28. Under the same assumption as in Theorem 1.4, since |Hessfi|
2 ≥
(∆fi)
2/n for every i < ∞, and |Hessf∞|
2 ≥ (∆gM∞f∞)
2/k, where k := dimM∞, by
an argument similar to the proof of Theorem 1.4 we see that
−
1
2
∫
BR(m∞)
〈dφ∞, d|df∞|
2〉dυ ≥
∫
BR(m∞)
φ∞
(∆υf∞)
2
n
dυ
+
∫
BR(m∞)
(
−φ∞(∆
υf∞)
2 +∆υf∞〈dφ∞, df∞〉
)
dυ
+K(n− 1)
∫
BR(m∞)
φ∞|df∞|
2dυ
58 SHOUHEI HONDA
and
−
1
2
∫
BR(m∞)
〈dφ∞, d|df∞|
2〉dυ ≥
∫
BR(m∞)
φ∞
(∆gM∞f∞)
2
k
dυ
+
∫
BR(m∞)
(
−φ∞(∆
υf∞)
2 +∆υf∞〈dφ∞, df∞〉
)
dυ
+K(n− 1)
∫
BR(m∞)
φ∞|df∞|
2dυ.
On the other hand, Proposition 4.1 and Remark 4.3 yield∫
BR(m∞)
(
−φ∞(∆
υf∞)
2 +∆υf∞〈dφ∞, df∞〉
)
dυ =
∫
BR(m∞)
∆υf∞div
υ(φ∞∇f∞)dυ.
Moreover if fi ∈ C
3(BR(mi)) holds for every i <∞ with supi<∞ ||∇∆fi||L2(BR(mi)) < ∞,
then Theorem 4.9 yields that ∆υf∞ ∈ H1,2(BR(m∞)) and that ∇∆fi converges weakly to
∇∆υf∞ on BR(m∞). Therefore we have∫
BR(m∞)
∆υf∞div
υ(φ∞∇f∞)dυ = −
∫
BR(m∞)
φ∞〈∇∆
υf∞,∇f∞〉dυ.
In particular for r < R and φ∞ as in Corollary 4.27, we have the following Γ2-condition:
−
1
2
∫
BR(m∞)
∆υφ∞|df∞|
2dυ ≥ −
∫
BR(m∞)
φ∞〈∇∆
υf∞,∇f∞〉dυ +K(n− 1)
∫
BR(m∞)
φ∞|df∞|
2dυ.
See also [2, 23, 24, 42].
4.5. Noncollapsing case. We now prove Theorem 1.5:
A proof of Theorem 1.5.
First assume that (M∞, m∞) is the noncollapsed limit space of {(Mi, mi)}i. Then (9) of
Theorem 1.3 and Proposition 3.72 yield that tr(Hessfi) converges weakly to tr(Hessf∞) on
BR(m∞). Therefore (3) of Theorem 1.3 yields −tr(Hessf∞) = ∆
υf∞ on BR(m∞). Thus
we have (1). Similarly, it is easy to check (2) by Proposition 3.74. 
We give a Bochner-type inequality for noncollapsed limit spaces:
Corollary 4.29. Let (M∞, m∞) be the noncollapsed (n,K)-Ricci limit space of a
sequence {(Mi, mi)}i<∞. Then with the same assumption as in Theorem 1.4, we have
−
1
2
∫
BR(m∞)
〈dφ∞, d|df∞|
2〉dHn ≥
∫
BR(m∞)
φ∞|Hessf∞|
2dHn
+
∫
BR(m∞)
∆gM∞f∞div
gM∞ (φ∞∇f∞)dH
n
+K(n− 1)
∫
BR(m∞)
φ∞|df∞|
2dHn.
Proof. It follows from Theorems 1.4, 1.5 and Proposition 2.6. 
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Remark 4.30. We calculate the Hessians of important warping functions given by
Cheeger-Colding in [7]. Let (Mi, mi, vol)
(ψi,ǫi,Ri)
→ (M∞, m∞, υ) and k := dimM∞.
Splitting. Assume that RicMi ≥ −δi with δi → 0, and that there exists a line l : R →
M∞ with l(0) = m∞ which means that l is an isometric embedding. Let R > 0, ri < Ri
with ri → ∞ and zi ∈ BRi(mi) with ψi(zi), l(ri) → 0. Define the harmonic function bi
on B100R(mi) by bi|∂B100R(mi) ≡ rzi − rzi(mi). Then we see that supi Lip(bi|BR(mi)) <∞,
bi converges to the Busemann function b∞ of l on BR(m∞), dbi → db∞ on BR(m∞) and
that
lim
i→0
∫
BR(mi)
|Hessbi |
2dvol = 0
holds. See [7, Theorem 6.64] for the proof. Therefore (9) of Theorem 1.3 and Proposition
3.66 yield that Hessb∞ ≡ 0 and that Hessbi L
2-converges strongly to Hessb∞ on BR(m∞).
In particular (2) of Theorem 1.5 yields ∆υb∞ = ∆
gM∞b∞ ≡ 0.
Suspension. Assume that RicMi ≥ n− 1 and diamM∞ = π. Let {φi}i≤∞ be a sequence
of eigenfunctions φi on Mi associated with the first eigenvalue λ1(Mi) with respect to the
Dirichlet problem on Mi with φi → φ∞ on M∞ and ||φi||L2(Mi) = 1. See Remark 4.21.
Then we see that supi Lipφi <∞, (φi, dφi)→ (φ∞, dφ∞) on M∞ and that
lim
i→∞
∫
Mi
|Hessφi + φigMi|
2dvol = 0
holds. See the proof of [13, Lemma 1.4], [7, Theorem 5.14] and [10, Theorem 7.9] for the
details. Therefore we see that Hessφi + φigMi L
2-converges strongly to 0 on M∞ and that
Hessφ∞ = −φ∞gM∞ (note that Theorem 1.2 yields that if (M∞, m∞) is the noncollapsed
limit of {(Mi, mi)}i<∞, then Hessφi L
2-converges strongly to Hessφ∞ on M∞). Thus we
have ∆gM∞φ∞ = kφ∞. On the other hand, [10, Theorem 7.9] yields ∆
υφ∞ = nφ∞. In
particular ∆gM∞φ∞ = ∆
υφ∞ holds on M∞ if and only if M∞ is the noncollapsed limit
space of {Mi}i. See also [1, 47] for examples of interesting singular limit spaces.
Cone. Assume that RicMi ≥ −δi with δi → 0 and that
lim
i→∞
vol ∂B100R(mi)
volB100R(mi)
=
vol ∂B100R(0n)
volB100R(0n)
holds for some R > 0, where 0n ∈ R
n. For every i <∞, let fi be the function onB100R(mi)
satisfying that ∆fi ≡ −1 on B100R(mi) and fi|∂B100R(mi) ≡ (100R)
2/2n. Note that Cheng-
Yau’s gradient estimate [11] yields supi Lip(fi|BR(mi)) <∞. Then [7, Theorem 4.91] yields
that there exists a compact geodesic space X with diamX ≤ π such that (BR(m∞), m∞)
is isometric to (BR(p0), p0), where C(X) is the metric cone of X and p0 is the pole of
C(X), (fi, dfi)→
(
r2p0/2n, d(r
2
p0/2n)
)
on BR(p0) and that
lim
i→∞
∫
BR(mi)
∣∣∣∣Hessfi + 1ngMi
∣∣∣∣
2
dvol = 0
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holds. Let f∞ := r
2
p0/2n. Then we see that Hessfi + gMi/n L
2-converges strongly to 0 on
BR(m∞) and that Hessf∞ ≡ −gM∞/n. Note that (6) of Theorem 1.3 yields ∆
υf∞ ≡ −1.
Thus we have ∆gM∞f∞ = (k/n)∆
υf∞. In particular ∆
gM∞f∞ = ∆
υf∞ holds on BR(m∞)
if and only if (M∞, m∞) is the noncollapsed limit of {(Mi, mi)}i. See also [8, Example
1.24] for an example of such collapsed limit spaces.
Remark 4.31. We now give an example of ∆gM∞f∞ 6= ∆
υf∞. Let Xn be the quotient
metric space S2/Zn of S
2 (with the canonical orbifold metric) by the action of Zn generated
by the rotation of angle 2π/n around a fixed axis. Then it is easy to check that every Xn
is the Gromov-Hausdorff limit space of a sequence of compact 2-dimensional Riemannian
manifolds {Mi}i with KMi ≥ 1, where KMi is the sectional curvature of Mi. Since Xn
Gromov-Hausdorff converges [0, π] as n→∞, [13, Lemma 1.10] yields that there exist a
Radon measure υ on [0, 1] and a sequence of compact 2-dimensional Riemannian manifolds
{Mi}i with KMi ≥ 1 such that λ1(Mi) → 2 and (Mi, vol) Gromov-Hausdorff converges
([0, π], υ). Then Remark 4.30 and [10, Theorem 7.9] yield that every first eigenfunction
φ∞ of ∆
υ satisfies ∆gM∞φ∞ 6= ∆
υφ∞.
4.6. Lp-bounds on Ricci curvature and scalar curvature. In this subsection we
consider the following setting:
(1) (M∞, m∞, υ) is the (n,K)-Ricci limit space of {(Mi, mi, vol)}i<∞ with M∞ 6=
{m∞}.
(2) A2nd is a weakly second order differential structure on (M∞, υ) associated with
{(Mi, mi, vol)}i<∞.
(3) supi<∞ ||RicMi ||Lp(BR(mi)) <∞ for some 1 < p ≤ ∞ and some R > 0.
Then by Proposition 3.50 there exists a weak convergent subsequence {RicMi(j)}j . Thus
furthermore we assume the following:
(4) There exists RicM∞ ∈ L
p(T 02BR(m∞)) such that RicMi converges weakly to RicM∞
on BR(m∞).
We call RicM∞ the Ricci tensor of BR(m∞) with respect to {(Mi, mi, vol)}i<∞. In this
setting we can get the following Bochner-type formula:
Theorem 4.32. Let {fi}i≤∞ be as in Theorem 1.3. Furthermore we assume that there
exists pˆ ≥ 2q with pˆ > 2, where q is the conjugate exponent of p, such that the following
hold:
(1) ∇fi L
pˆ-converges strongly to ∇f∞ on Br(m∞) for every r < R.
(2) Hessfi L
2-converges strongly to Hessf∞ on Br(m∞) for every r < R.
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Then
−
1
2
∫
BR(m∞)
〈dφ∞, d|df∞|
2〉dυ =
∫
BR(m∞)
φ∞|Hessf∞|
2dυ
+
∫
BR(m∞)
∆υf∞div
υ(φ∞∇f∞)dυ
+
∫
BR(m∞)
φ∞RicM∞(∇f∞,∇f∞)dυ
holds for every Lipschitz function φ∞ on BR(m∞) with compact support.
Proof. Let τ > 0 with supp(φ∞) ⊂ BR−τ (m∞) and let φi be a Lipschitz function
on BR(mi) for every i ≤ ∞ with supi Lipφi < ∞, supp(φi) ⊂ BR−τ (mi) and φi → φ∞
on BR(m∞). By the proof of Theorem 1.4 and Proposition 3.74, it suffices to check the
following:
Claim 4.33. We have
lim
i→∞
∫
BR(mi)
φiRicMi(∇fi,∇fi)dvol =
∫
BR(m∞)
φ∞RicM∞(∇f∞,∇f∞)dυ.
The proof is as follows. For every xi → x∞ and every yi → y∞, since 〈∇fi,∇rxi〉
L2-converges strongly to 〈∇f∞,∇rx∞〉 on BR(m∞), we see that∫
Bt(wi)
〈∇fi ⊗∇fi,∇rxi ⊗∇ryi〉dvol =
∫
Bt(wi)
〈∇fi,∇rxi〉〈∇fi,∇ryi〉dvol
→
∫
Bt(w∞)
〈∇f∞,∇rx∞〉〈∇f∞,∇ry∞〉dυ
=
∫
Bt(w∞)
〈∇f∞ ⊗∇f∞,∇rx∞ ⊗∇ry∞〉dυ
holds for every w∞ ∈ BR(m∞), every t > 0 with Bt(w∞) ⊂ BR(m∞) and every wi → w∞.
Thus ∇fi ⊗ ∇fi converges weakly to ∇f∞ ⊗ ∇f∞ on Br(m∞) for every r < R. On the
other hand, for every r < R, since∫
Br(mi)
|∇fi ⊗∇fi|
pˆ/2dvol =
∫
Br(mi)
|∇fi|
pˆdvol
→
∫
Br(m∞)
|∇f∞|
pˆdυ
=
∫
Br(m∞)
|∇f∞ ⊗∇f∞|
pˆ/2dυ.
Proposition 3.66 yields that ∇fi⊗∇fi L
pˆ/2-converges strongly to ∇f∞⊗∇f∞ on Br(m∞).
Thus by Proposition 3.70 we see that φi∇fi ⊗∇fi L
pˆ/2-converges strongly to φ∞∇f∞ ⊗
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∇f∞ on BR(m∞). Therefore Proposition 3.61 yields∫
BR(mi)
φiRicMi(∇fi,∇fi)dvol =
∫
BR(mi)
〈RicMi, φidfi ⊗ dfi〉dvol
→
∫
BR(m∞)
〈RicM∞, φ∞df∞ ⊗ df∞〉dυ
=
∫
BR(m∞)
φ∞RicM∞(∇f∞,∇f∞)dυ.
Therefore we have the assertion. 
Corollary 4.34. Let {fi}i≤∞ be as in Theorem 1.3. Assume that p = ∞ and that
Hessfi L
2-converges strongly to Hessf∞ on Br(m∞) for every r < R. Then we have the
same conclusion as in Theorem 4.32.
Proof. It follows from (3) of Theorem 1.3 and Theorem 4.32. 
We end this subsection by discussing the scalar curvature of M∞:
Definition 4.35. Let sM∞ := tr(RicM∞) ∈ L
p(BR(m∞)). We say that sM∞ is the
scalar curvature of BR(m∞) with respect to {(Mi, mi, vol)}i.
Corollary 4.36. Assume that M∞ is the noncollapsed limit space of {(Mi, mi)}i.
Then the scalar curvatures sMi of Mi converges weakly to sM∞ on BR(m∞).
Proof. It follows from Proposition 3.72. 
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